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Synopsis

The properties and performance of engineering alloys are a direct consequence of their mi-
crostructures. In general, the term microstructure can be treated as a function describing the
state of the material system, in terms of the several variables that one can characterize, such
as the length scales, composition, size distribution, volume fractions, spatial distribution etc.
Amongst the microstructural characteristics of significance is its length scale, which is a pa-
rameter characterizing the size of the principal heterogeneity in the microstructure, e.g., the
dendrite arm spacings in single phase alloys, and the lamellar widths in multi-phase eutectics.
The other crucial parameters are the phase concentrations which are known to have a distinct
bearing on the performance of the material. There are also a host of other microstructural
factors like the volume fractions and distributions of the phases, which have a profound effect
on the eventual structure—property correlations.

In this thesis, our discussion will be related to the formation of microstructures and our
principal concern will be related to the length scales that arise in material systems as a result of
the processing conditions. In this regard, one can categorize the mechanisms of microstructure
formation into two broad categories. The first of these deals with structural formation resulting
out of “diffusive instabilities” which lead to the formation of dendrites in single-phase growth
and colonies in multi-phase growth like that found in eutectic solidification, discontinuous
precipitation etc. The second mechanism results in the formation of composite microstructures
formed again during multi-phase growth, but here the microstructural formation occurs as
a result of the self-organization of the phases which is mediated by the interaction of the
long-range diffusion fields either in the liquid during solidification or in the matrix during
reactions like the eutectoid growth. Our work in this thesis will be dealing with the first of
these mechanisms and particularly concentrating on the influence of multiple components and
contrasting the results against those in binary alloys. Additionally, we will restrict ourselves to
pure diffusion controlled growth regimes without incorporating strain-fields originating either
from coherency effects at the interface or volumetric expansions during phase transformation.

Further, since most of our discussion in the thesis will be utilizing solidification as an exemplary
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phase transformation reaction, the preceding assumptions are reasonable because the relevant
microstructural scales are much larger than those where the strain-effects due to coherency as
well as volumetric expansions are applicable.

Diftusive instabilities originate in Stefan-like problems which one usually encounters in trans-
port phenomena, where typically the velocity of the interface is related to the gradients of the
respective state variables like ”temperature” for heat transport, ”chemical/diffusion potential”
for mass transport. This condition is commonly referred to as the ”Stefan-condition”, which
for the case of mass transport in a binary alloy where diffusion is restricted to the liquid writes

as,

V (cl — cs) = _D'— , (1)

inter face

where ¢® and ¢ are the equilibrium phase concentrations of the precipitate and the matrix. V/
is the velocity of the interface, D' the solute diffusivity in the liquid and n denotes the unit
normal at the interface pointed outwards into the parent phase. As a result of this condition,
re-distribution of material from the solid to the liquid which is proportional to the velocity
V', leads to the generation of a solutal boundary layer ahead of this interface, leading to a
“steady-state” condition where the interfacial compositions do not change with time. In other
words in a diffusion controlled regime, the velocity of the interface is directly proportional to
the strength of the solutal gradients that are developed in the liquid. A perturbation of this
“steady-state” interface, leads to the the modification of the chemical potential gradients ahead
of the interface, which makes the gradients ahead of the protrusions in the solid more favorable
for growth than regions in the trenches leading to a positive feedback to the growth of such
instabilities. Therefore, an understanding of the nature of solutal boundary layers is critical
to the investigation of the propagation of these instabilities. This problem has been studied
by Mullins-Sekerka [1] in binary alloys and we will refer to this as the MS theory hereafter in
the thesis. This problem has also been studied through simulations using boundary integral
methods and phase-field models. Our emphasis in this thesis is going to be extension of these
theories and numerical modeling approaches based on phase-field methods, generically to multi-
component alloys.

A principal difference between binary and multi-component alloys can be appreciated by
noting the governing equations and the Stefan-boundary condition. In a binary alloy, fixing the
far-field composition and the temperature, the velocity V' of the interface is the only unknown

in the problem, which is determined by solving the diffusion equation in conjunction with the
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Stefan condition and the far-field boundary condition. This solution is the classical Zener
solution [2]. In contrast to Eq. 1, the Stefan condition at the interface for a multi-component
system writes as,
!
V() =D 2)
inter face
where, the subscript ¢ denotes the i-th component, and the solute diffusivity is now a matrix
whose (7, j)-th component is given by D;;. So, for example in a ternary system, there are
two independent Stefan-conditions at the interface for each of the components, which must be
satisfied together. In general, there will be K — 1, independent Stefan conditions, K being the
number of components in the system. This implies that, once the far-field compositions and
the temperature is fixed, the velocity V' must be consistent together with all of the respective
Stefan conditions for each of the components. This is possible only by allowing the selected
interfacial phase-equilibria to be a function of the growth conditions, which then allows a self-
consistent determination of the both the interfacial compositions as well as the velocities which
satisfies all of the Stefan- conditions. This is also thermodynamically consistent, because in
any system higher than a binary, two-phase equilibria is multi-valued, and thereby there are
multiple possibilities of the interfacial compositions for the same temperature, in contrast to
binary alloys. A natural consequence of this is that the boundary layers in a multi-component
alloy are a much stronger function of solute diffusivities in contrast to binary alloys where
equilibrium phase concentrations are known a-priori from the phase diagram. Therefore, the
development of diffusive instabilities which arise as a result of the perturbation of these solute
boundary layers and thereby the length-scales that arise are more strongly related to not only
the processing conditions but also the kinetic parameters such as the diffusivity of the elements.
In this thesis, we firstly investigate steady-state growth process followed by the study of
unstable microstructure formation. We repeat such a procedure for both single-phase and
multi-phase, lamellar growth. In single phase growth, we firstly extend the Zener solutions of
steady-state growth for any generic multi-component alloy. Thereafter, we perform the linear
stability analysis of the steady-state growth problem, by extending the Mullins-Sekerka problem
for the any generic multi-component alloy, for both isothermal and directional solidification
conditions. Subsequently, we study the growth of well-developed dendritic structures, far into
the non-linear regime, where we also extend, classical LGK [3, 4] theories of dendritic growth
for application to multi-component alloys.

For two-phase and in general multi-phase eutectic growth, the corresponding steady-state
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solution for directional solidification is provided analytically by performing the Jackson-Hunt
analysis for multi-component alloys. Here again, we have investigated the influence of solute
diffusivities not only in determining the undercooling at the interface, but also the volume
fractions during growth. Subsequently, we have performed a phase-field simulation study of
the growth features during the development of diffusive instabilities in multi-phase growth
situations which typically arise in multi-variant eutectics, where usually a solutal boundary
layer of one or more elements develops over time. The perturbation of the two/multi-phase
front then behaves in a manner similar to that discussed during single phase growth.

In the following, we describe briefly the particular details in each of the above studies and

the novel results obtained in each of them.

Single phase growth in multi-component alloys in the scal-
ing regime

In multi-component systems, during diffusion controlled growth of a precipitate from a super-
saturated matrix, differential diffusivities will lead to selection of tie-line compositions different
from the thermodynamic tie-line containing the alloy composition. In this study [5], we address
the multi-component version of the growth problem by extending Zener’s [2] theory, and derive
analytical expressions for predicting tie-lines and composition profiles in the matrix during
growth of planar, cylindrical and spherical precipitates for independent as well as coupled
diffusion of solutes in the scaling regime. Our analytical derivations do not assume an a-prior:
knowledge of all the possible equilibrium tie-lines in the system, as we directly invoke the
information about the variation of the free energy as a function of phase compositions in our
calculations. This renders our analytical method to be easily extensible to alloy systems with
any number of components with an arbitrary diffusivity matrix. We confirm our calculations
by sharp interface and phase field simulations in a ternary setting, in which we also extend the
tie-line and growth constant predictions for two well-known limiting cases, namely partition and
negligible partition under local equilibrium (PLE and NPLE). In the following figure (Fig. 1),
we present the predictions of tie-lines selected in a ternary alloy (A is the solvent; B and C are
the solutes) as a function of alloy supersaturation (v).

In a nutshell, the analytical technique developed here not only predicts the velocity of
the interface separating the parent and the product phases, but also completely describes the
solute boundary layer ahead of the interface, in the parent phase. This description of the solute

boundary layer is utilized in our following study of diffusive instabilities in multi-component
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Figure 1: Tie-lines as a function of v which depicts that the predictions from local equilibrium
approaches the NPLE and PLE predictions as the diffusivity ratios (Dcc/Dgp) become smaller
and smaller (Dpp = 1). The bulk compositions lie on the tie-line ¢§ = 0.044935, ¢ = 0.147450,
B = 0.344935, ¢, = 0.447450.

alloys.

Diffusive instabilities during single solid phase alloy solid-

ification

Random perturbations of the interface during solidification of a single solid phase by a planar
interface leads to the perturbation of the solutal boundary layers too, in turn setting up diffusion
feedback loops which promote amplification of these perturbations. The effect of the interfacial
energy is to hinder the growth of these perturbations, which in combination with the accen-
tuating effect of diffusion, constitutes the classic Mullins-Sekerka instability of solidification.
Diffusive instabilities of the Mullins-Sekerka type are one of the principal mechanisms through
which microstructures form during solidification. In this study [6], we perform a linear stability
analysis of a perturbed planar interface, where we derive analytical expressions to calculate the
amplification rate of each wavelength constituting the perturbation in multi-component alloys
under directional and isothermal solidification conditions. This allows the determination of the
"dispersion curve” characterizing the behavior of the instabilities in the linear regime. Subse-
quently, we confirm our calculations using phase-field simulations for different choices of the
inter-diffusivity matrices. An example of such a calculation performed for a quaternary alloy
(A,B and C are the solutes; D is the solvent) is presented in Fig. 2. The quantity 6/(6V wWpaz)

denotes the normalized rate of amplification of a wave with wavenumber w(= 27/\; A is the
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corresponding wavelength), and amplitude §, whose time derivative is denoted by 5. V denotes
the velocity of the steady-state planar front. wy,,, is the wavenumber corresponding to the

highest normalized growth rate & /(0Vwpaz). Thereafter, we highlight the characteristics of
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Figure 2: § /& versus w from phase-field and theoretical calculations. The growth rates of the

2m
perturbation are scaled with Vw,,q., while the w is scaled with w,,.;, where w0 = ——,

>\ma33
Amaz Deing the maximally growing wavelength (in the phase-field simulation). In the legends

the titles T : stands for 'Theoretical’, while S : stands for ’Simulation’. The three numbers
following T" and S in the legends represent the values of D4, Dgp and D¢c, respectively.

the instability upon change of the diffusivity matrix and the velocity. Finally, we also depict
conditions for absolute stability of a planar interface under directional solidification conditions.

Our study of the Mullins-Sekerka instability in multi-component alloys is a linear stability
analysis and hence its predictions are only restricted to the very early stages. The growth of
these interfacial perturbations eventually lead to the formation of cells and dendrites, which
are the most commonly observed solidification microstructures. In our next study, we take up

the problem of isothermal dendrite growth in multi-component alloys.

Isothermal dendrites in multi-component alloys

In this study, we develop a theory for determining the dendrite tip growth velocity, the dendrite
tip radius and the phase concentrations during free dendrite growth in an uniformly undercooled
melt. In this regard, our work is an extension of the classic Ivantsov theory for dendrite growth
to multi-component alloys. Continuing with the previous cases requiring the solution to the
diffusion problem ahead of a planar interface, here, we solve the diffusion problem ahead of a

parabolic interface. Also, we generalize the well known estimates for the dendrite tip-radius, like
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“Marginal Stability”, and “Microsolvability” to multi-component alloys. Phase-field simulations
are performed not only to provide an estimate for the tip-radius to be used in our analytical
calculations, but also to provide an independent assessment of the accuracy of our theoretical
predictions. Fig. 3 shows a comparative study of the variations of the dendrite tip velocity
(V), and dendrite tip-radius (Ry;,) with the undercooling (AT). The figure legends indicate

the different sources of estimates of Ry;.

Micro-solvaBility o
0.1 ¢ 3 Marginal stability —
3 arginal stability: Complete -~
A 256 8 ~.Marginal stability: Fit
Qo 0.01 QO 8 Slmu ation O
o° - 2 64t o) k|
> 0.001 ¢ Micro-solvability o o
Marginal stability — o
arginal stability: Complete -~
0.0001 ¢ Marginal stability: Fit E 16 ]
‘ _Simulation © ‘ ‘ ‘ ‘
0.3 0.4 0.5 0.6 0.7 0.3 0.4 0.5 0.6 0.7
AT/IAT, AT/AT,
(a) (b)

Figure 3: Plots showing the variation of, (a)tip velocity (V'), (b) tip radius (Ry,) with un-
dercooling (AT). The diffusivity matrix is diagonal with Dsa = 2.0, Dgp = 1.0, and the
anisotropy strength is ¢ = 0.01. The quantities ATy (the freezing range), do (the capillary
length), and d3/D (D denotes diffusivity) are chosen to scale temperature, length, and time
respectively.

This concludes the topics we have considered involving the formation of a single product
phase from a parent phase. The next couple of studies concern the eutectic transformation

leading to the formation of multiple solid phases from the liquid phase.

Theoretical and numerical investigation of multi-phase

growth in a multi-component system

A steady-state eutectic transformation involves the growth of several solid phases in a coupled
manner from the liquid. For a lamellar morphology of the solidifying phases, the determination
of the lamellar width which is selected by the system is important as it sets the length scale of
the resultant microstructure.

For directional solidification conditions, a straight-forward extension of the Jackson-Hunt

theory for multi-phase growth where the number of components exceeds the number of solid
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phases becomes difficult on account of the absence of the required number of equations to
determine the boundary layer compositions ahead of the interface.

In this work [7], we therefore revisit the Jackson-Hunt(JH) [8] type calculations for any given
situation of multi-phase growth in a multi-component system and self-consistently derive the
variations of the compositions of the solid phases as well as their volume fractions, which grow
such that the composite solid-liquid interface is isothermal. In this regard, we have relaxed
two of the assumptions of the classical Jackson-Hunt solution. In their calculations, Jackson
and Hunt derive closed form solutions for the undercooling at the solid-liquid interface using
the assumption that the volume fractions of the solid-phases are still given by the lever rule
pertaining to the alloy composition at the eutectic temperature, additionally assuming that the
compositions of the solid and the liquid phases are the same as the ones predicted by the phase
diagram at the eutectic temperature. These assumptions are reasonably valid for low-Peclet
number growth, but results show deviation in binary alloys both under conditions of higher
growth velocities as well as situations where the densities of the phases are markedly different.
In our work we relax both of these assumptions relating to the constancy of the volume fractions
and the phase compositions, while still retaining two of the other assumptions, the first which
assumes the solid-liquid interface to be planar for the solution to the diffusion-field and second
the condition of isothermal solid-liquid interface for the closure of the equations. This allows
us to unify the JH calculation schemes for both in-variant as well as multi-variant eutectic
reactions. The derived analytical expressions are then utilized to study the effect of dissimilar
solute diffusivities and interfacial energies on the undercoolings and the solidified fractions.
We also perform phase field simulations to confirm our theoretical predictions and find a good
agreement between our analytical calculations and model predictions for model symmetric alloys
as well as for a particular Ni-Al-Zr alloy. In Fig. 4, we present the variations of undercoolings
(AT) at the eutectic growth front and the phase fractions (7,), with the lamellar width (\) in
a ternary alloy for different choices of the solute diffusivities.

Having studied the steady-state growth behavior of eutectics in multi-component alloys,
we move on to the study of an unstable pattern formation phenomenon in similar systems, as

described below.
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Figure 4: Plots showing variations of (a)AT, and, (b) 7,, with Peclet number (Pe = A\V/2D),
during two-phase growth in a ternary alloy. D represents the diffusivity of the fastest moving
solute, and V' the sample pulling velocity during directional solidification. The first element
from the figure legends denotes whether the data comes from theory (T) or simulations(S), with
the following two numbers denoting the solute diffusivities in this ternary alloy.

Eutectic colony formation in systems with interfacial en-

ergy anisotropy

Instability of a binary eutectic solidification front to morphological perturbations due to re-
jection of a ternary impurity leads to the formation of eutectic colonies [9, 10]. Whereas, the
instability dynamics and the resultant microstructural features are reasonably well understood
for isotropic systems, several experimental observations point to the existence of colonies in
systems with anisotropic interfaces. In this study [11], we extend the understanding of eutectic
colonies to anisotropic systems, where certain orientations of the solid-liquid or solid-solid inter-
faces are associated with a lower free energy than the others. Through phase field simulations
in 2D and 3D, we have systematically probed the colony formation dynamics and the resulting
microstructures, as functions of the pulling velocity and the relative orientation of the equilib-
rium interfaces with that of the imposed temperature gradient. We find that in 2D, stabler
finger spacings are selected with an increase in the magnitude of anisotropy introduced, either
in the solid-liquid or in the solid-solid interface. The fingers have a well-defined orientation for
the case of anisotropy in the solid-liquid interface, with no fixed orientations for the lamellae
constituting the colony. For the case where anisotropy exists in the solid-solid interface, the
lamellae tend to orient themselves along the direction of the imposed temperature gradient,
with tilted solid-liquid interfaces from the horizontal. The 3D simulations reveal existence of

eutectic spirals which might become tilted under certain orientations of the equilibrium inter-
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faces. Our simulations are able to explain several key features observed in our experimental
studies of solidification in Ni-Al-Zr alloy. In Fig. 5, we present eutectic colony morphologies

observed in systems with anisotropic solid-solid as well as solid-liquid interfaces.

(a)

Figure 5: Plots showing, (a) 2D simulation with anisotropic interfaces between the two eutectic
solids, resulting in vertically oriented lamellae, (b) 3D simulation with anisotropic solid-liquid
interfaces leading to tilted spirals.
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Chapter 1
Introduction

The process of microstructure formation involves transformation of phases, mediated by the
motion of the interface separating the parent from the product phases. Phase transformations
can be “diffusional” or “diffusionless”. By “diffusional”, we imply that the transformation
requires diffusion of solute atoms over distances which are several order of magnitudes larger
than interatomic distances. In diffusional phase transformations the motion of the interfaces(or
the rate of transformation) is controlled by elemental re-distribution ahead of the growing front
because the transformation is usually characterized by parent and product phases differing
significantly in phase concentrations, e.g., the austenite-ferrite transformation in steels. On
the other hand, in “diffusionless” transformations, atoms move in a well-coordinated fashion
at the interface, in response to driving forces, to affect the change of structure required to
create the product phase from the parent phase. A classic example would be the martensitic
transformation observed in steels.

Considering “diffusional” transformations, the process of microstructure formation during
growth of a single phase from a supersaturated (or undercooled) parent phase is usually through
an instability of the interface separating the parent and the product phases. In order to under-
stand the onset of an instability, we consider the process of diffusion controlled growth from the
very early stages. As a supercritical nuclei of the product phase begins to grow, it either rejects
or consumes solute from the parent phase resulting in the creation of a solute boundary layer
ahead of the interface in the matrix. The process of creation of the solute boundary layer is
identified as the “initial transient” phase of growth, which terminates when the maximum in the
boundary layer composition is invariant. At this point, local equilibrium has been established
at the interface, with both the parent and the product phases assuming concentrations at the
interface which are in equilibrium with each other. This marks the onset of the “quasi-steady-

state” phase of growth where the interfaces separating the two phases propagate self-similarly
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with a solute boundary layer ahead of the interface proportional to the solute diffusivities and
inversely proportional to the velocity of the interface.

Due to the disturbances in the surrounding thermal and solute fields, an interface separating
the parent and the product phases develops random infinitesimal perturbations. In such a
perturbed state, the solute boundary layers are no longer uniform across the interface, and the
crests of the perturbations experience sharper concentration gradients ahead, than the troughs.
This sets up a diffusion feedback loop which causes the crests to grow much faster, resulting in
an amplification of the perturbation with time leading to some of the most commonly observed
features in microstructures, e.g., cells and dendrites seen during solidification. The dissimilar
diffusion rates at different points on the interface amplifying the instability does not operate
unhindered. A perturbed interface is also associated with dissimilar interfacial curvatures at
different locations. As a result of the Gibbs-Thomson effect, the interfacial compositions are so
modified that softens the sharper concentration gradients at the crests and steepens the softer
concentration gradients at the troughs. Thus, capillarity acts as a force restraining the growth
of the perturbations. This is the classic Mullins-Sekerka type of instability [1] where the solute
diffusion works to accentuate the perturbations while the interfacial energy tries to attenuate
them.

A second way by which microstructures form is by the coupled growth of the multiple
product phases from a single parent phase. Here, the diffusion also happens laterally, just ahead
of the growing interface. The solutes rejected by one of the product phases is consumed by
another phase just adjacent to it. This re-distribution of solute leads to steady-state boundary
layers ahead of each of the individual phases which in binary alloys are typically balanced such
that the volume fraction-weighted sum of the solid-phase compositions equates to the far-field
composition. Thus, the cumulative boundary layer ahead of the composite front is usually
much smaller than that occurring in single phase growth, unless in asymmetric situations such
as growth in off-eutectic/eutectoid compositions or asymmetric interfacial or kinetic properties.
This situation is modified however, when a ternary impurity is added which partitions into
the liquid during growth of both the solid-phases. This re-distribution then leads to a solutal
boundary layer, which behaves in a manner similar to single-phase growth, where perturbations
at the interface may get magnified under suitable conditions. Examples of such a transformation
would be the formation of multi-phase cells and dendrites during solidification.

The microstructures obtained by the transformations described above have been widely
seen experimentally, in both binary as well as in multi-component alloys. Exemplary studies
of dendrite growth during single phase solidification would include the one by Huang and

Glicksman [12] in binary systems and the study by Galenko et al., [13] in a ternary Ni-Al-Zr
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alloy. Experimental observations of binary eutectics include those by Ginibre et al. [14] in
CBry-CyClg, and in ternary systems by Contieri et al., [15] in an Nb-Ni-Al system. Colonies in
eutectic system have been experimentally observed by Akamatsu et al., [10].

These phenomena of microstructure formation are also theoretically well understood for sin-
gle component and binary alloy systems. Seminal studies would include the works by Zener [2]
on steady-state single phase growth, Mullins and Sekerka [1] on diffusive instabilities of the
solidification front in a binary alloy, Langer and Miiller-Krumbhaar on dendritic solidification,
Jackson and Hunt [8] on the undercooling of a growing eutectic front for a given lamellar spac-
ing. Eutectic colonies are only seen during non-invariant reactions in multi-component alloys.
Plapp and Karma [16] performed phase-field simulations to investigate the simplest scenario of
colony formation in a ternary alloy.

Despite the existing theoretical understanding of microstructure formation in binary alloys,
multi-component alloys present a higher level of complexity which merits a thorough study.
In order to understand the source of this complexity, we consider the growth of a single solid
phase from a parent phase in a binary alloy. It is a two-phase equilibrium in a binary alloy
and hence has only a single degree of freedom. Thus, the temperature at a growing interface,
completely determines the phase concentrations that are in local equilibrium at the interface.
But a similar transformation in a multi-component alloy with K components (K — 1 of them
being independent) is associated with K —1 degrees of freedom. Hence, the phase concentrations
are no longer determined by equilibrium thermodynamics alone, but in combination with the
kinetic parameters of solute diffusivities as well. As the selection of the velocity of the interface
and the choice of the equilibrium compositions happens concurrently, they are highly inter-
dependent. Thus, the selection of equilibrium compositions is another mode by which the solute
diffusivities exert its influence on the velocity of the interface in a multi-component alloy. This
leads to formation of solutal boundary layers at the interface in multi-component alloys which
are much stronger functions of solute diffusivities, compared to the same in binary alloys. The
fact that the relative fluxes of the solutes at the growing interface determines the equilibrium
compositions of the phases is a phenomenon which is not observed in binary alloys and only
seen in multi-component systems will assume significance in all our ensuing discussions.

Similar observations also hold true for multi-phase growth in multi-component alloys, where
solute diffusivities can play a dominant role in deciding the dynamics. This is clearly evident
for multi-phase growths which are multi-variant (associated with a degree of freedom greater
than or equal to 1) as the arguments enunciated in the previous paragraphs can be directly
applied.

Multi-component alloys are different from binary alloys as the solute diffusivities play a



1. INTRODUCTION

much stronger role in microstructure formation in the former than in the latter. Furthermore,
multi-phase systems in such alloys display a much richer variety in the microstructures that are
observed compared to a binary system. Despite several interesting studies on understanding
microstructure formation in such alloys, the intricacies of the processes have not yet been com-
pletely understood. In this thesis, we explore the above described mechanisms of microstructure
formation in such alloys. We derive analytical theories and perform numerical simulations to
understand the effect of solute diffusivities in determining the various characteristics of these
transformations. As we have discussed earlier, in order to gain an understanding of the diffu-
sive instabilities during growth of a single phase or multiple phases, it is essential to study the
properties of the solute boundary layers whose perturbation triggers the onset of the instabil-
ity. Thus, in this thesis, we present detailed studies of the steady-state growth phenomenon
first, followed by a study on the instabilities in such systems and follow the same pattern for
both single-phase and multi-phase growth. Due to the rich variety of transformations observed
in multi-component systems undergoing solidification, most of our analytical and numerical
studies are carried out in that context.

Our thesis begins with a study of steady-state single phase growth in multi-component alloys.
This is followed by a study on diffusive instabilities in solidifying multi-component systems. Our
consideration of single phase growth in multi-component alloys concludes with the problem of
free dendritic growth in uniformly undercooled alloys. We also consider the problem of multi-
phase growth by first studying the steady-state dynamics, following it up with a study on
unstable pattern formation in such systems. In each of the following paragraphs, we introduce
each of these problems and present a brief outline of the studies we have conducted to advance
the understanding of each of these phenomena. As our techniques of choice are theoretical
in nature, i.e., analytical and numerical, we present a motivation for our work from a similar
perspective. We present a detailed review of all the experimental, analytical and numerical
studies relevant to our work in the succeeding Chapter of “Literature Review”. We begin with

the problem of steady-state single phase growth in multi-component alloys.

1.1 Single phase growth in multi-component alloys in the
scaling regime

The problem of isothermal steady-state single phase growth of a product phase from supersat-
urated /undercooled parent phase is a problem that is of relevance to both solid-state transfor-

mations and solidification. Quenching a high temperature phase to a lower temperature where
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a two-phase mixture is stable, makes the original alloy supersaturated with respect to one or
more solutes. During an isothermal anneal at that temperature, second phase nuclei forms,
grows and coarsens. The same life-cycle can be observed during solidification in an uniformly
undercooled melt too. In this chapter, we will present a theory of diffusion controlled growth of
the second phase nuclei under isothermal conditions. Though, our discussion will be presented
in the parlance of precipitate growth from a supersaturated matrix in solid-state transforma-
tion, it is equally applicable to solidification in an uniformly undercooled melt. We begin our
introduction to this problem with the problem of precipitation in binary alloys.

Zener [2] showed that in a binary alloy, during steady-state growth, a unique scaling con-
stant can be identified depending on the matrix supersaturation and the solute diffusivity,
which multiplies the elapsed time to give the square of the displacement of the interface. The
composition of the phases at the interface which are in local equilibrium with each other are
determined completely by the temperature at the interface. Thus, the problem of single phase
growth in a binary couple involves the determination of a single quantity which is the scaling
constant, which once determined can be used to describe all the other characteristics of single
phase growth in such alloys, e.g., the composition fields ahead of the growing interface.

On the other hand, such a two-phase equilibrium in a multi-component alloy is multi-
valued and the choice of the equilibrium phase concentrations are determined by a combined
effect of solute diffusivities and the supersaturations in the matrix in each of the components.
Thus, during single phase growth in multi-component alloys, the phase concentrations are also
unknowns in addition to the scaling constant. Seminal theoretical studies to solve this problem
include the ones by Coates [17, 18, 19], where the inverse problem of determining bulk alloy
compositions which equilibrate to pre-determined phase concentrations, for a given diffusivity
matrix, in a ternary alloy is addressed. Bourne et al., [20] employed a parameterized knowledge
of the tie-lines in a two phase region in a ternary phase diagram to solve for the diffusivity ratios
in such an alloy, which equilibrates to a particular tie-line, for a given supersaturation of the
matrix. While all of these approaches do address the problem of considering the extra degree of
freedom with respect to the choice of equilibria, their approaches require parameterization of the
two-phase regions of the phase diagrams, whereby the variation in the equilibrium compositions
of the product phase can be coupled to those of the parent phase using the geometric properties
of the tie-lines as well the co-existence lines. This makes it complicated however, to extend the
solution to any generic multi-component systems.

Thus, this brings us to the motivation of this chapter where we extend the Zener solution
of precipitate growth in a binary alloy to a generic multi-component alloy. Our contribution in

this chapter is described as follows:
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Firstly, we derive an analytical theory for diagonal as well as for diffusivity matrices con-
taining off-diagonal terms (for both planar and curved geometries), following previous work
of Coates [17, 18] and Bourne et al., [20], that allows a direct calculation of the quantities of
interest (tie-lines and composition fields in the matrix) for a given bulk alloy composition and
diffusivity matrix. To this end, we have employed nothing more than the basic thermodynamic
information associated with the variation of the free-energies of the phases with compositions,
which differentiates it from the previous approaches [20]. Additionally, it presents a more el-
egant way of prediction of tie-lines given the bulk alloy composition and a diffusivity matrix.
Furthermore, it allows for an easy extension to any given multi-component alloy. Our theory
of precipitate growth can therefore be seen as a generalization of the earlier studies [17, 18, 20]
where it is specific to ternary systems.

Secondly, we formulate a multi-component phase field model based on a grand-potential
formalism [21, 22] to study precipitate growth which is described in Chapter 3. The model itself
has the possibility to incorporate information from thermodynamic databases in an effective
manner (23], which will allow its subsequent utilization for study of precipitation process in
real systems. The phase field results are then compared with both the analytical theory and
an independent sharp interface (front tracking) numerical model.

A note about the role of critical comparison between sharp interface and phase field results
is in order. Experimental validation of growth theory is difficult even in binary alloys due to
overlap of the solute diffusion fields from neighboring precipitates. In multi-component alloys,
however, this problem is made much worse by the overlap in the diffusion field of the fastest
diffusing species well before that of the slower species enters the scaling regime. Thus, the
only viable test of the theory is by comparison between its results with those from numerical
simulations from a model.

The converse also holds: the phase field model needs to be validated before it can be applied
to more realistic systems (e.g., by incorporating thermodynamic information from databases)
and / or more complicated systems (e.g., simultaneous precipitation of multiple phases). A
critical comparison of its results against those from sharp interface results serves this purpose.

The natural consequence of the discussion beforehand about the selection of the local in-
terfacial compositions being a function of the diffusivity matrices, are two limiting cases which
arise when the diffusivity of one of the elements is very different from the others. For example
let us consider a ternary setting where one of the elements is much faster than the other. Given
the two Stefan conditions that need to be satisfied at the growing interface, in the slow growth
regime which is achieved in the limit of vanishing super-saturations, the diffusion potential

gradients of the faster moving species would need to be insignificantly small(given the higher
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diffusivity) such that the two Stefan-conditions are satisfied. Conversely, under fast growth
conditions achieved at higher super-saturations, the growth conditions are controlled by the
gradients of the faster moving species while the slower moving species is assumed to have the
largest possible solutal gradients which occur for the conditions of negligible partitioning of the
slow-moving species. Coates [19] formalizes these limits of local equilibrium. The two limiting
cases called “partition under local equilibrium” (henceforth referred to as “PLE”) and “negli-
gible partition under local equilibrium ” (henceforth referred to as “NPLE”) are the relevant
limits approached as the diffusivity differences become larger for low and high supersaturations
in the matrix, respectively. As the final aspect of our study, we incorporate the constraints
characterizing PLE and NPLE in our analytical calculations and calculate the tie-lines and
growth constants corresponding to these approximations for a given bulk alloy. Coupled with
our calculations performed for local equilibrium, this allows us an understanding of the regimes
over which the PLE and NPLE limits are valid and the kind of differences in the solute diffusiv-
ities at which these limits are appropriate. We additionally restrict our discussion to conditions
of local equilibrium, whereby other corresponding limits such as ”paraequilibrium” [24, 25, 26]
will be reserved for future work. This is primarily because the construct of paraequilibrium
theory ideally is relevant where one or more of the constituents diffuse through an interstitial
mechanism. This requires a corresponding reformulation of our analytical theory and numerical
simulation methods.

Our analytical theory and its predictions alongside those obtained from Phase-field modeling
are presented in Chapter 4. This chapter develops a theoretical understanding of the solutal
boundary layers observed in steady-state growth in multi-component alloys, which provides the
natural premise for understanding diffusive instabilities during single phase growth in multi-

component alloys, discussed in the following section.

1.2 Diffusive instabilities during single solid phase alloy

solidification

Morphological instability of a solid-liquid interface to small perturbations is the basis for the
most commonly observed solidification microstructure of dendrites. Experimentally, a planar
solidification front during solidification is usually perturbed, either by random thermal fluctu-
ations or due to interactions with insoluble impurities [27]. An unstable solidification front is
characterized by amplification of such interfacial perturbations which ultimately develop into

cellular or dendritic structures. Any random infinitesimal perturbation can be thought of as
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a linear combination of a multitude of wavelengths of different amplitudes (which are small
during early stages). Thus, the stability of a solid-liquid interface to the amplification of these
perturbations can be understood by investigating the growth behavior of the individual modes.
Mullins and Sekerka in their classical work [1] present a linear stability analysis of an interface
perturbed by any generic wavelength and provide expressions for their growth rates for a binary
alloy. This allows the determination of the maximally (fastest) growing wavelength that can
be approximately related to the length scales in the cellular or dendritic microstructures.

For multicomponent systems, a linear stability analysis assuming no diffusional interac-
tion between solutes of a directionally solidifying ternary alloy is first reported by Coates et
al. [28]. The effect of coupled solute diffusivities on the stability of the system to infinitesimal
perturbations in directionally solidifying systems is studied by Hunziker [29].

In this chapter, we have three principal aims. Firstly, we derive analytical expressions for the
growth rates of the perturbations as a function of imposed wavelengths by performing a linear
stability analysis for directional as well as isothermal solidification conditions, in a generic
multi-component alloy. Here, while the problem of directional solidification is well posed in
that there exists a steady-state condition (constant velocity) for the planar interface which is
to be perturbed, the problem of isothermal solidification has a planar growth solution which
only admits a relation where the displacement of the interface scales with the square root of
time. We show that an equivalent perturbation analysis can be performed for both conditions,
notwithstanding this difference in the initial states which are being perturbed. Secondly, we
utilize a phase-field model based on a grand-canonical density formulation [21, 22| and validate
our analytical calculations for both sets of solidification conditions by performing simulations
for a varied set of diffusivity matrices. Thirdly, we comment on the nature of the dispersion
curves in terms of the maximal growth rates and maximally growing wavelengths and their
variation with the change in the diffusion length scales. Here, we also highlight the conditions
for absolute stability which is applicable for directional solidification conditions. This study
constitutes Chapter 5 in our thesis.

The amplification of perturbations at the solid-liquid interface under conditions of anisotropic
interfacial energy lead to the formation of dendrites, which are the next topic of study in our

thesis, and described in the next paragraph.

1.3 Isothermal dendrites in multi-component alloys

As discussed in the previous section, random perturbations of the solidification front in a

uniformly undercooled melt gets amplified with time and leads to the formation of dendritic
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arms along well-defined crystallographic directions minimizing the extent of the interfacial
orientations with higher energy. The dendrite tip-radius (Ry,) can be related to the dendrite
primary arm spacing, which sets the principal length scale in the microstructure. Thus, an
analytical prediction of such a quantity as a function of growth conditions is extremely valuable.
This in conjunction with the problem of predicting the dendrite growth velocity (V'), and the
phase concentrations at the growing interface in a generic multi-component system, constitute
an important problem, the one which we take up in Chapter 6.

The theoretical understanding behind the phenomenon of dendrite growth in pure materials
begins with the determination of the diffusion fields in the liquid ahead of a single growing
dendrite arm (known as “free growth”), which is first presented by Ivantsov [30] (hence forth
referred to as “IS” for Ivantsov’s solution). Horvay and Cahn [31] also solve the same problem
but with a drastically different approach. The solution proposed by Ivantsov [30] fails to predict
the dendrite tip velocity V, and the tip-radius R, uniquely. This is attributed to the lack of
consideration of the capillarity in these theories. Langer and Miiller-Krumbhaar [32, 33, 34]
extend these calculations to binary alloys and also consider the effects of surface tension in
proposing an estimate for Ry;, determined by a balance between the diffusion and capillarity
length scales, known as the “Marginal Stability” criterion. Though, the theory by Langer
and Miiller-Krumbhaar [32, 33, 34], could predict a unique V' and tip-radius Ry, they found
the parabolic (paraboloid) dendritic interface in 2D (3D) to be unstable to perturbations.
Hunziker [29] presented a theory of dendrite growth in directionally solidifying multi-component
alloys where they extended the “Marginal Stability” criterion by Langer and Miiller-Krumbhaar
to a multi-component setting.

The growth of the dendrites along specific crystallographic directions, along with the theo-
retical instability of the dendritic envelope in an isotropic system, necessitated a consideration
of anisotropic interfacial energies in the mathematical description of this problem. As the in-
troduction of anisotropy in interfacial energy renders an analytical solution extremely difficult,
it is solved numerically by Kessler and Levine [35]. Their sharp interface calculations confirmed
the parabolic shape of the dendrite to be stable with a unique selection of V' and Ry;,. The
Ry, obtained from their numerical calculation is a function of anisotropy, and this estimate
constitutes the “Microscopic solvability” (or the “Microsolvability”) criterion.

In this chapter, we present a theory of free dendrite growth during isothermal solidification
for any generic multi-component alloy, for any diffusivity matrix. Our work can be seen as a par-
allel theoretical development for isothermal solidification, to that presented by Hunziker [29] for
directional solidification, except for two important differences. By employing thermodynamic

relationships to express phase concentrations ¢;, as functions of the diffusion potentials p; (and
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undercooling AT'), our system of equations is expressed in terms of the unknown diffusion po-
tentials, p;, which are conjugate intensive variables to the unknown phase concentrations c;
in [29]. This eliminates the need to invoke the equilibrium tie-line relationships during the
solution process, which is always an approximation when considering growth by curved inter-
faces. Thus, our methodology provides an easy and elegant way to consider any number of
components, once the thermodynamic behavior of the phases are available. The second salient
feature of our work is the benchmarking of our analytical predictions against those obtained
from phase-field simulations. To our knowledge, this has not been undertaken before, and it
is through this exercise that we determine the relative accuracies of the various estimates of
Ryip, e.g., “Marginal Stability” and “Microsolvability”. As 3D simulations are computationally
expensive especially in multi-component systems, we restrict our analytical derivations and
phase-field simulations to 2D only.

This concludes our consideration of microstructure formation by growth of a single phase
in a multi-component alloy which is presented in detail in Chapters 4, 5 and 6, and we move
on to microstructure formation due to steady-state and unstable growth in multi-phase, multi-

component systems in the following paragraphs.

1.4 Theoretical and numerical investigation of multi-phase

growth in a multi-component system

Eutectic solidification offers interesting examples of multi-phase microstructural formation
wherein two or more phases typically self-organize while growing from the liquid giving rise
to a wide array of microstructures with varied morphologies. Theoretically, one of the in-
teresting questions is the investigation of steady-state eutectic growth and establishing the
relationship between the undercooling, the spacings and the velocities, which is essentially a
relationship between the microscopic length scale that is described by the spacing A, and the
macroscopic diffusion length scale (2D/V, D is the diffusivity in liquid, V is the velocity). A
very nice review on the developments in the theoretical models for describing eutectic growth
as well as its close counterpart in eutectoid growth can be found in [36]. In this regard, one
of the most applied theories for directional solidification conditions is the Jackson and Hunt
theory (JH) [8], where expressions for the undercooling (AT) versus spacing (\) are derived
for given velocities, for both lamellar and rod configurations of growth. The operating scale of
the eutectics that may arise in experiments is discussed based on the the minimum undercool-

ing spacing as a marginal stability point. Conditions for transition between rod and lamellae
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morphologies is also discussed. Extension of the (JH) formalism for two-phase lamellar growth
in ternary alloys, has been attempted by McCartney [37] and Plapp et al. [16], while similar
extensions for investigation of invariant growth in three-phase eutectics has been performed by
Himemiya and Umeda [38] and Choudhury et al. [39].

The theoretical development as per (JH) firstly provides for a solution to the Stefan problem
at the multi-phase solidification front with the assumption of a planar interface. Capillary
effects are introduced using the average curvature of each of the solid-liquid interfaces that
are calculated with the equilibrium slopes of the solid-liquid interface at the tri-junction point.
From this, the average curvature undercooling is computed using the interfacial properties
and superposed upon the constitutional undercooling in order to derive the total undercooling
at the solid-liquid interface. While the system of equations as posed by Jackson and Hunt
are quite generic, the authors impose certain assumptions, in order to simplify the equations
and derive closed-form solutions analytically. Two of these assumptions are respectively the
constancy of phase compositions as well as volume fractions with undercooling, i.e the values
are approximated from the phase diagram at the eutectic temperature.

In general however, these assumptions in the JH theory are valid for low Peclet number
(AV/2D) growth which is achieved at lower solidification velocities. For higher Peclet numbers,
the phase fractions as well as the compositions of the phases change considerably from the values
at the eutectic temperature, and thereby need to be accounted for. Trivedi et al., [40] (also
referred to as the TMK model) provide solutions in the high Peclet number regime for specific
phase diagrams using the more generic analysis of the solute diffusion problem as discussed by
Donaghey and Tiller [41].

In multi-component alloys, one of the additional reasons due to which the phase compositions
may change from their equilibrium values at the eutectic temperature is due to the difference of
solute diffusivities. This can result in modified phase fractions even at the same undercooling,
which is in contrast to binary alloys, where the composition of the phases necessarily change only
due to a increase in the undercooling. Furthermore, in multi-variant eutectic reactions, where
the number of components exceed the number of solid-phases, just the equality of undercoolings
at the interface does not present a closure of the systems of equations as in the classical invariant
eutectic growth problem, unless certain phase diagram related assumptions are implied as in
[37, 16]. This is because the number of boundary layer compositions exceed the number of
available equations (equality of phase undercoolings), and requires the solution to the complete
solute diffusion problem, without the assumption of the constancy of the phase compositions
and phase fractions with undercooling.

A couple of recent theoretical studies in this regard have been presented for two-phase
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mono-variant growth. The study by Catalina et al. [42] presents a linearized theory without
allowing for the changes in composition in one of the solidifying phases. A more rigorous
extension again for multi-component two-phase growth is provided recently by Senninger and
Voorhees [43], where they take into account the composition variations of both the solid phases.

In this chapter, we extend the works by Catalina et al. [42] and Senninger and Voorhees [43]
and in general the classical JH theory for any given multi-phase configuration in a generic multi-
component alloy. While we relax two of the assumptions in the classical (JH) theory relating
to the constancy of phase compositions as well as the phase fractions, two other assumptions
of planarity of the interfaces to determine the diffusion field as well as the assumption of equal
undercooling of the solid-liquid interfaces to effect closure of the equations, is retained. Further,
the equality of molar volumes for the components is assumed in both the analytical calculations
as well as phase-field simulations that are performed later. An influence of these assumptions are
discussed at the end of this chapter. Our work shares the same spirit as [42] and [43], however,
one of the major differences is that we relate the deviations of the phase compositions to the
departures of the diffusion potentials and temperature and thereby the functional dependence
between the variations of the solid and liquid compositions is more elegantly retrieved. In
addition, we verify our analytical calculations with phase-field simulations considering model
symmetric alloys as well as a monovariant eutectic reaction in the Ni-Al-Zr alloy. In all the
studies mentioned above, the effect of solute diffusivities in modifying the selection of solid phase
fractions have not been explored. We investigate this aspect using our phase-field simulations
as well as analytical calculations.

After addressing the problem of steady-state multi-phase growth in a multi-component alloy,
which is presented in detail in Chapter 7, we move on to a study of an unstable growth in such

systems, described in the next paragraph.

1.5 Eutectic colony formation in systems with interfacial

energy anisotropy

Two-phase growth in a ternary alloy where the two phases exchange two components and reject
an impurity into the liquid, results in the formation of a boundary layer of this component ahead
of the solidification front. This interface is then unstable to morphological perturbations much
in the same manner as in a Mullins-Sekerka instability [1] (henceforth will be referred to as MS
instability) of the solidification front during single phase growth. The amplification of these

instabilities leads to the formation of eutectic colonies (also called two-phase fingers) which are
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cells made up of two-phase lamellae.

Theoretical understanding of this problem begin with the study by Plapp and Karma [44],
where they perform linear stability analysis to establish that the instability leading to colony
formation is oscillatory compared to the one operating on a single phase binary solid-liquid
interface.

Numerical computations performed to study eutectic colony formation dynamics augment
theoretical understanding in regimes outside the purview of linear analysis. In this regard, phase
field simulations of eutectic colonies by Plapp and Karma [16] not only validate their theory
in [44], but also highlight the lack of a stable cellular morphology under isotropic conditions.

While the studies in the previous cases concentrate on isotropic eutectics, alloys systems
in general contain phases which either have anisotropic solid-liquid interfaces or where the
interfacial boundaries between the solid phases have a preferred alignment of crystallographic
planes giving rise to defined orientation relationships for these interfaces. Experimentally,
anisotropic interfacial energies of the solid-solid interfaces have been found to result in spirals
in binary eutectic alloys [45, 46].

Ni-Al-Zr is another exemplary system consisting of two solid intermetallic phases (Ni3Al and
NiyZrs) whose crystallographic planes share a well defined orientation relationship as revealed
by the TEM diffraction patterns in Fig. 1.1(a) and 1.1(b). The two-phase eutectic in this alloy is
also a monovariant reaction and is therefore unstable to morphological perturbations. Detailed
characterization of the colonies shows that the central stem of the colonies have well aligned
lamellar feature as seen in Fig. 1.1(c). Further resolution of the colony microstructures at the
interface between two colonies reveals features resembling spiraling of two solid phases.

The influence of a well defined orientation relationship between the eutectic solids in a binary
system on its steady-state growth morphologies has been studied theoretically, numerically and
experimentally in [47, 48, 49]. Pusztai et al. [50] and Ratkai et al. [51], investigate the influence
of kinetic anisotropy in stabilizing the spiral microstructures during two-phase eutectic colony
formation in a ternary alloy by conducting phase field simulations. However, no studies exist
which systematically investigate the influence of anisotropy in the interfacial energies on the
colony morphology arising out of the destabilization of steady-state two-phase growth interface,
in either thin-film geometry or during bulk solidification.

This motivates the two principal aims in this chapter. Firstly, we perform phase field
simulations to investigate the influence of the anisotropy of the different interfaces on eutectic
colony morphologies in thin-film geometry. Secondly, through phase-field simulations in three-
dimensions we characterize the influence of anisotropy both in the solid-solid and solid-liquid

interfaces on the morphologies of the spirals and the colony structures.
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Figure 1.1: The anisotropy in solid—solid interfacial energy is indicated by the existence of a
well defined orientation relationship between the two phases in (a) and (b). The orientation of
the lamellae along the axis of the colony finger along with some spiral like features is displayed
in (¢). The two eutectic phases are identified from their contrast in (d).
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In what follows, we perform phase-field simulations of the following directionally solidifying
systems: one where the interfacial energy is isotropic, followed by systems with anisotropic solid-
liquid and solid-solid interfacial energies in 2D. Our simulations in this regard can be thought to
be representative of the solidification experiments carried out for thin samples [9]. The colony
formation dynamics and the resultant lamellar morphologies for each of these situations are
studied as functions of the anisotropy strength and the sample pulling velocity.

We also perform 3D simulations in order to understand the effect of an introduction of a
third dimension on the lamellar structures in directionally solidified systems with anisotropic
solid-liquid and solid-solid interfacial energies. Our simulations are numerical studies of the
eutectic spiraling observed experimentally in [10]. The computational cost involved in these
simulations restricts us to a single choice in both the pulling velocity and the strength of

anisotropy. Chapter 8 in our thesis presents this phenomena in detail.
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Chapter 2
Literature review

This chapter contains a comprehensive review of the existing literature, on each of the phe-
nomena we consider in this thesis. We also present a short review of the phase-field models
employed to study the various phenomena presented in this thesis. We begin by reviewing the
steady-state single phase growth phenomena in multicomponent alloys. The instability of a
planar front to random perturbations is taken up next followed by the problem of radius and
velocity selection at the dendrite tip. After this, we move on to reviewing studies involving

growth of multiple phases in multi-component alloys.

2.1 Single phase growth in multi-component alloys in the
scaling regime

Diffusion driven growth of precipitates in an infinite medium is a classical problem in phase
transformations in materials. In binary alloys, it has been studied by Zener [2], Frank [52] and
Ham [53]. The classical result from Zener [2] and Frank [52] is that the growth of a precipitate
of any dimensionality (planar, cylindrical and spherical) into a super-saturated matrix in the
diffusion-controlled regime can be described through a scaling law, where the square of the dis-
placement of the interface is directly proportional to the time, and the proportionality constant
is characteristic of the chosen super-saturation as well as of the diffusivity. Ham [53] extends
the work by Zener [2] and Frank [52] to growth of spheroids to confirm the presence of a scaling
regime where the particle grows with a constant eccentricity.

Theoretical developments of single phase growth in multi-component alloys have mainly been
limited to ternary systems. As a two-phase equilibrium in such alloys are is associated with

as many degrees of freedom as there are independent components, the phase concentrations
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that are selected at the interface under conditions of local equilibrium are unknowns to be
determined in addition to the scaling constant characterizing the growth phenomena. The phase
concentrations are now functions of both the matrix supersaturations and solute diffusivities.
The earliest study in this regard is due to Coates [17, 18], who solved the inverse problem of
determining the supersaturated matrix compositions which equilibrate to a given tie-line for a
given diffusivity matrix. A solution assuming diagonal diffusivity matrix is presented in [17],
while it is generalized to include off-diagonal entities in [18]. The problem of equilibrium tie-line
selection and the composition profiles in the supersaturated parent phase ahead in the matrix
in a ternary alloy is addressed by Bourne et al., [20]. In this paper, they solve for the ratio of the
diffusivity of the two solutes, which leads to the choice of a particular tie-line equilibrium for a
given supersaturation in the matrix. Furthermore, the composition profiles ahead of the matrix
are also calculated once the equilibrium concentrations at the interface are determined. The
studies by Coates [17, 18] and Bourne et al., [20] utilize a parameterized knowledge of the two-
phase equilibria in the phase diagram, in order to solve for the compositions of the bulk alloy
and the equilibrium phase concentrations, respectively. This requirement of a prior knowledge
of the tie-lines in the system prevents the easy extension of these theories to any generic multi-
component alloy. This requirement of a prior knowledge of the tie-lines in the system makes
the extension of these theories to any generic multi-component alloy very complicated.

The fact that solute interdiffusivities play an important role in the selection of phase com-
positions at the interface has been observed in diffusion couple experiments which explore the
different regions of phase stability in isothermal sections of ternary phase diagrams; see for
example the studies by Van Beek et al. in Ag-Fe-Ti [54] and Cu-Fe-Ti [55] systems. Detailed
reviews of such ternary diffusion couple studies can be found in Kodentsov et al. [56], the
textbook on diffusion by Paul et al. [57] (see also Chapter 6 in the Handbook of Solid State Dif-
fusion: Volume 2, by Kodentsov and Paul [58]). Theoretical studies on diffusion paths in ternary
diffusion couples presented by Maugis et al. [59, 60], and earlier by Coates and Kirkaldy [61]
solve for the two sided diffusional growth problem to determine the interfacial compositions
and velocities. In parallel, theoretical studies of melting and solidification in binary alloys by
Coriell et al. [62, 63] where the solid and the liquid phases have different temperature and
compositions, consider temperature as a second independent variable in addition to the phase
compositions and hence is a study which is fundamentally similar to the studies on solid-state
diffusion couples.

As the analytical theories described till now involve an a-priori knowledge of the possible
thermodynamic equilibria in the system, their usefulness is restricted to the availability of

such data. Numerical sharp interface techniques address this issue in a practical fashion where
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there is direct coupling of the growth problem to the thermodynamic databases. The most
prominent amongst them constitutes the present day software DICTRA [64, 65]. It solves
the diffusion equation under local equilibrium at the interface separating parent and product
phases in conjunction with thermodynamic databases through softwares like Thermo-Calc [66]
and PANDAT [67, 68]. There are several interesting studies [69, 70, 71, 72] of growth in
multi-component systems using DICTRA. While these procedures are certainly efficient and
reasonably generic to be applied to any multi-component alloy for which a thermodynamic
database is available, closed form solutions in corollary to those written down for the case of
binary precipitate growth in the scaling regime cannot be derived through this approach.

In another important work by Coates [19], two limiting cases to the problem of local equilib-
rium at the interface is discussed. The case of “Partition under conditions of local equilibrium”
(PLE) is applicable under situations of extremely low supersaturations in the matrix, where
the kinetics is largely controlled by the diffusion of the slower moving component needed for
achieving equilibrium concentrations in the precipitate and the matrix. The other situation
corresponding to a highly supersaturated bulk alloy leads to no partitioning of the slower mov-
ing species and it retains the same concentrations in the precipitate and the matrix. The rate of
transformation in such a case is controlled by the diffusion of the faster moving species and it is
known as the case of “Negligible partition under conditions of local equilibrium” (NPLE). The
limiting cases of PLE and NPLE being applicable for substituitional alloys only, a well known
analog of NPLE for interstitial solutes is the case of “paraequilibrium” [73, 19, 24, 25, 26]. It
is commonly observed in steels with composition Fe-C-X, where X is the substitutional solute,
and is characterized by complete partitioning of the interstitial (C) which diffuse much faster
than the substituitional solute (X) remaining unpartitioned.

Steady-state growth in a single phase alloy has also been studied through simulations.
Phase-field simulations by Mukherjee et al., [74, 75] deal with steady-state growth of cylindrical
precipitates in binary alloys. To our knowledge, although phase field models have been used
for multi-component studies (Ti-Al-V [76], Al-Si-Cu-Fe [77], Al-Si-Cu-Mg-Ni [78], Mg-Al-
Mn [79], Ni-Al-Cr-Ta-W [80], Al-Si-Cu-Fe-Mg-Mn-Ni-Zn [81], Fe-C-B [82], and in ternary two
phase diffusion couples [83]), the influence of diffusivity matrices on the choice of equilibria has
not been dealt in detail. For example in [84], while the authors do investigate the particular case
of ‘paraequilibrium’ in the case of an Fe-C-Mn alloy, the simulations are not directed towards
deriving the phase compositions in the relevant scaling regime during growth.

The lack of a theory predicting tie-line selections in a generic multi-component alloy for any
generic diffusivity matrix motivates us to take up this problem in Chapter 4. Our analytical

predictions of tie-line selection and composition profiles in the matrix are confirmed against the
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same from phase-field simulations and sharp interface calculations.
In the next section, we review the literature concerning the instability of the steady-state

solid-liquid interface in a multi-component alloy.

2.2 Diffusive instabilities during single solid phase alloy

solidification

Random perturbations to the steady-state planar interface during solidification, gets amplified
with time leading to their breakdown. Rutters and Chalmers [85] and Tiller et al., [86], de-
veloped the criterion of constitutional supercooling for binary alloys which predicted growth of
protuberances at the planar interface whenever there is a zone of supercooled liquid ahead of
the interface. This constitutional supercooling criterion didn’t consider the stabilizing effect of
capillarity on the perturbations and the first theoretical attempt to include the effect of interfa-
cial energy is due to Temkin [87]. In this paper, the behavior of the interface in the presence of
perturbations is studied by comparing the growth velocities of a hemispherical protuberance on
a planar interface to that of the planar interface itself. The diffusion fields ahead of the hemi-
sphere are not calculated exactly and the solutions conjectured show inconsistencies with the
boundary conditions to be satisfied. Furthermore, the interfacial perturbations are generally of
complex shapes and an accurate prediction of their growth behavior may not be obtained by a
consideration of a hemispherical protuberance alone.

An analysis which predicts the behavior of the perturbed interface by rigorously solving for
the diffusion fields is presented by Mullins and Sekerka [1]. They considered that at very early
stages, random interfacial perturbation can be described by a linear superposition of Fourier
modes. An understanding of the growth behavior of each of those modes tantamounts to an
understanding of the behavior of the interfacial perturbation itself. Mullins and Sekerka [1]
performed a linear stability analysis of a perturbed planar interface in directionally solidifying
binary alloys to derive analytical expressions for the amplification rates of each mode. They
showed that a constitutionally undercooled interface is stable for very large wavelengths due
to the large diffusion distances of the solute and for very small wavelengths due to capillarity,
and unstable for all the wavelengths of perturbations in between. Also, the growth rates reach
a maximum for a wavelength in between the two stable regimes observed for the two extremes
of very large and very small wavelengths. The analytical predictions in [1] have also been
confirmed by phase-field simulations reported by Echebarria et al., [88].

The linear stability analysis of Mullins and Sekerka [1] assumed the wavelength of pertur-
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bations to be much smaller than the thermal diffusion lengths. This approximation restricts
the analysis to the consideration of very small wavelengths when the growth velocity is higher.
Thus, such an approximation is applicable to conditions of slow growth only and is revoked by
Trivedi and Kurz [89] when developing a theory for rapid solidification in binary alloys. A con-
sideration of perturbation wavelengths comparable to the thermal diffusion lengths allow them
to show the existence of a condition of absolute stability during solidification of a pure mate-
rial from an undercooled melt. The condition of absolute stability, where for sufficiently high
velocities of growth, the diffusion lengths are smaller than the capillary lengths for all possible
wavelengths of perturbation, is a criterion which is predicted to be unattainable during growth
of pure materials from undercooled melts by the analysis of Mullins and Sekerka [1], but a more
complete analysis by Trivedi and Kurz [89] provides a proof to the contrary. Non-equilibrium
effects including a velocity dependent partitioning of the solute between the solid and the liquid
as well as a temperature of the interface which is determined by the velocity are introduced
into the linear stability analysis for rapid solidification conditions by Merchant and Davis [90],
and Huntley and Davis [91].

A similar linear stability analysis along the lines of Mullins and Sekerka [1] for multi-
component alloys is first performed by Coates et al., [28] in the setting of a directionally
solidifying ternary alloy. Here, Coates et al., [28] assumed an existence of a steady-state growth
behavior in the perturbed state as well, while performing the linear stability analysis. The
appropriateness of this assumption is verified by Coriell et al. [92] who solved the complete
time-dependent problem to conclude that an assumption of a steady-state in the perturbed
state is quite reasonable. Hunziker [29] generalized the linear stability analysis to directionally
solidifying multi-component alloys with arbitrary diffusivity matrices.

In Chapter 5, we perform a linear stability analysis of a steady-state growth interface in a
multi-component alloy, for situations of isothermal as well as directional solidification. Here, we
build upon the concepts of concurrent tie-line and growth velocity selection during steady-state
growth in multi-component alloys presented in Chapter 4 and extend these concepts to the case

of unstable growth.

2.3 Isothermal dendrites in multi-component alloys

There are several experimental evidences of dendritic growth in materials. In pure materials,
it is observed in Pb [93], Zn [94], and succinonitrile [95, 12, 96]. Tt is also reported in aqueous
solutions [97]. In binary systems, dendritic solidification has been studied by Glicksman et

al. [98] in a succinonitrile(SCN)-argon system. There has been a couple of studies [99, 100]
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reporting dendrites in a succinonitrile(SCN)-acetone system, as well. Another observation of
dendrites is reported by Liu and Kirkaldy [101] during directional solidification studies in a
SCN-0.66 wt% Salol alloy. Experiments have also been performed in Al-Zn systems to study
the orientation selection process in dendrites [102]. In multi-component alloys, dendrites have
been observed in a spot-weld in a Ni-based superalloy [103], and in a Ni-Al-Zr alloy [13]. A
study in Al-Mn-Pd system by Schroers et al. [104] presents the variation of dendrite tip growth
velocity as a function of undercoolings.

Dendrite growth has also been studied through phase-field simulations. Phase-field studies
of dendrite growth have been reported in pure materials [105, 106], in binary alloys [107, 108,
109, 110, 111, 102] and in multi-component alloys [78, 112, 113].

The theoretical understanding of dendrites begin with the solution of thermal diffusion
field ahead of a growing dendrite in an undercooled pure melt by Ivantsov [30]. The problem
considered the steady-state growth of a free dendrite, whose thermal diffusion field ahead in
the melt is not influenced by the growth of similar structures. Horvay and Cahn [31] solved the
same problem, but with a completely different approach. In both these studies by Ivantsov [30]
(referred to as “IS”) and Horvay and Cahn [31], the shape of the dendrite is assumed to be a
parabola in 2D and a paraboloid of revolution in 3D. The solution to the diffusion fields ahead
of a dendrite growing self-similarly (i.e., in steady-state) is obtained in terms of the thermal
Peclet number (Pey, = V Ry,/2a), where V' is the tip-velocity, Ry, is the tip-radius and « is
the thermal diffusivity. As there are multiple combinations of V' and Ry;, which can lead to the
same Pey,, the theories in [30, 31] are unable to predict a unique selection of V' and Ry, seen in
the experiments by Huang and Glicksman [12] and Glicksman [96]. The inability to predict V
and Ry, uniquely is attributed to the lack of consideration of interfacial energy in the theories
presented in [30, 31].

The introduction of capillarity at the solid-liquid interface results in an equilibrium shape
of the dendrite which is no longer given by the parabola (in 2D) or the paraboloid (in 3D) as
shown by Ben-Jacob et al., [114], which complicates the consideration of the Stefan boundary
condition at the interface. Thus, there has been several studies which continued to approximate
the shape of the dendrite by a parabola/paraboloid, while integrating the effects of capillarity
into the mathematical solution of the problem. The foremost study in this regard is the one
by Temkin [87], which introduced an additional undercooling at the interface due to curvature,
when re-considering the IS. This lead to an identification of the smallest radius of curvature of
the dendrite tip, corresponding to which the velocity of dendrite growth vanishes. Furthermore,
the theory also predicts a maximum in the growth velocity (V'), for a certain tip-radius (Ryp),

which was believed to be the condition selected in experiments until proved otherwise by the
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experiments in [12, 96]. The theory by Temkin [87] is extended to situations with large Peclet
number by Trivedi [115]. Another theoretical study of dendrite growth considering interfacial
energy is presented by Nash and Glicksman [116], which involve a Green’s function solution to
the diffusion problem. Their predictions are similar to those of Temkin [87].

The first attempt at a numerical solution to the Ivantsov problem in a pure material is
presented by Oldfield [117]. where he finds that the IS, even after including capillarity, predicts
a dendrite shape which is unstable. This observation is generalized and confirmed by Langer
and Miiller-Krumbhaar [32, 33, 34] where they find the solutions to be unstable for all values of
interfacial energy. Also, they suggest an estimate for R,;,, considering an interaction between
the capillarity and the diffusion length scales in the problem, which might be selected during
growth. This estimate is the classic “Marginal Stability” criterion and predicts V' and Ry;, found
to be in good agreement with experiments. The inability of the “Marginal Stability” criterion
in predicting the stable growth of dendritic arms along well-defined crystallographic directions,
prompted investigations of the effects of anisotropic interfacial energy on the stability of the
solution. An analytical solution to the problem in the presence of anisotropy being extremely
difficult, Kessler and Levine [35] solved the problem numerically. They confirm the selection of
a unique V' and Ry, for a given growth condition, and suggest that an estimate for Ry;,, must
be a function of the magnitude of the anisotropy in the system. This estimate is known as the
“Microscopic solvability” (or the “Microsolvability”) criterion. The accuracy and correctness
of “Microsolvability” criterion has been confirmed through phase-field simulations as well. The
predictions from “Microsolvability” are found to be in great agreement with those obtained
from simulations, in 2D [118]. In 3D, the discrepancies between the two is attributed to the
assumption of axisymmetric dendritic shapes in the “Microsolvability” criterion [119, 120, 121].
The phenomenon of dendrite growth in pure materials is reviewed in detail in [12].

The first analysis of dendrite growth in alloys is presented by Langer and Miiller-Krumbhaar [32,
33, 34], which considers the solute diffusion fields in binary alloys. This is extended to include
a velocity dependent partition coefficient and a temperature dependent diffusivity for rapid
directional solidification of binary alloy dendrites, by Kurz et al. [122]. The extension of this
theory to directionally solidified dendrites in ternary alloys has been presented by Bobadilla
et al. [123], and the corresponding modification to describe rapid solidification is presented
by Rappaz et al. [124]. The theories in [123, 124] are limited to independent solute diffusion
in ternary alloys. An extension of this theory for any generic multi-component alloy, for any
generic diffusivity matrix, is presented by Hunziker [29].

A corresponding theoretical development describing isothermal free dendrites in alloys be-

gins with the study of Langer [125] in binary alloys, which is continued and elaborated by
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Karma and Langer in [126], where the effects of the second component are restricted to dilute
concentrations only. A parallel theoretical development by Lipton et al. [3, 4] is found to be in
excellent agreement with the experiments in [12, 96] and the theory in [126].

In Chapter 6, we present a theory for describing the growth of free dendrites from a uni-
formly undercooled multi-component alloy melt. Our derivations are applicable to any generic
multi-component alloy with an arbitrary diffusivity matrix. Also, we compare the analytical
predictions of the various parameters like tip-velocity V' and tip-radius R, during the solidifi-

cation of thin samples with the ones obtained from phase-field simulations in this chapter.

2.4 Theoretical and numerical investigation of multi-phase

growth in a multi-component system

Eutectic solidification leads to a wide variety of microstructures which are characterized by the
arrangement of the solid phases relative to each other. In binary eutectics, these microstruc-
tures range from lamella [127, 128, 129, 130, 131, 14, 132] to rods [133, 134, 135] and mixture of
morphologies, depending on the volume fractions of the phases and the interfacial energies. For
more than two solid phases, the number of possibilities is still larger and some of the experi-
mental evidences of three phase growth are obtained during directional solidification of metallic
alloy systems, such as, Pb-Sn-Cd [136, 137, 138], Al-Cu-Mg and Zn-Sn-Pb [139],Al-Cu-Ni [140],
Bi-In-Sn [141, 142], Nb-Ni-Al [15], Al-Ag-Cu [143, 144, 145]. Experimental evidence of eutectic
solidification in quaternary organic alloys is reported in [146, 147]. Phase-field simulations of
bulk-two phase growth have also been performed in [148, 149, 150] and corresponding examples
of simulations of three-phase growth can be found in [151, 152, 153, 154, 155, 156]. A review
of studies of multiphase solidification in multi-component alloys is presented in [157].

The length scales of such steady-state eutectic microstructures are defined by the unit struc-
ture whose periodic repetition constitutes the entire microstructure. For lamellar structures,
this is described by a single wavelength of the eutectic solid lamellae, while for the case of a
two-phase microstructure where one of the solid phases is dispersed as rods in the matrix of
the solid phase constituting the larger volume fraction, the length scale is given by half the
average distance between any two second phase rods. A theoretical understanding of the fac-
tors determining the length scales in such microstructures has been of significant interest. The
first study in this regard is due to Zener [158] who carried out the study in the context of a
eutectoid transformation in steels (Fe-C alloys). The growth of pearlite is a coupled growth

of ferrite and cementite phases in a lamellar form from the parent austenite and hence is con-
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ceptually similar to a concurrent eutectic transformation of a liquid phase into two solids in a
binary alloy. Zener [158] found that at any particular undercooling, pearlite could grow from
the austenite with a variety of interlamellar spacings, with the growth velocity being differ-
ent for each of the spacings. In order to explain the observation of a dominant length scale
of the pearlitic microstructure in experiments, Zener [158] conjectured that the length scale
(interlamellar spacings) which corresponds to the highest growth rate is the one that is seen
experimentally. This sets the operating state for the eutectoid transformation where at a given
undercooling of the system the observed length scales are unique. He also predicted the classic
scaling relationship of coupled lamellar growth, between the lamellar width (A) and the growth
velocity (V) at the operating point, given by the constancy of A*V. A study by Brandt [159]
on pearlite growth predicted solutions to the problem of solute diffusion in the parent austenite
in the form of a Fourier series with the unknown Fourier coefficients determined by considering
the the coupled growth of the eutectoid phases as a result of the diffusion of the solute (carbon)
from the ferrite to the cementite. The first theoretical consideration of eutectic solidification
is presented by Tiller [160] where he reconsiders the ideas presented by Zener [158] to render
them suitable for eutectic solidification. He re-frames the criterion of the dominant length scale
selection from a maximization of the growth velocity at a particular undercooling to one where
the system selected length scale corresponds to a minimum undercooling of the solidification
front under conditions of directional solidification. Hillert [161] utilized Zener’s [2] maximum
growth rate criterion in conjunction with a solution of the diffusion problem assuming a planar
interface to predict the shape of the solidification interface. Jackson et al., [162] solved for the
interface shapes by considering an electric analog to the diffusion problem. Their derivation of
the diffusion fields assuming planar interfaces lead to interface shapes which are close to the
ones seen experimentally.

Jackson and Hunt [8] present a theory of two phase eutectic growth in a binary alloy where
they derive expressions of the undercooling of the solidification front as a function of the length
scales during lamellar or rod type growth. The solute diffusion fields are computed by assum-
ing a planar solid-liquid interface and the composition variation in the liquid at the solid-liquid
interface is expressed as a Fourier series assuming the solid phase fractions and their respective
compositions to be given by the equilibrium phase diagram. All the Fourier coefficients ex-
cept for the zeroth order term are determined by invoking the mass balance condition (Stefan
condition) at the interface in conjunction with the mutual orthogonality of the Fourier basis
functions. An application of the Stefan condition to determine the zeroth order term leads to
its value being computed as zero, which is just a reflection of the underlying assumptions of

the solid phase fractions and their compositions being determined by the phase diagram. Thus,
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Jackson and Hunt [8] leave the zeroth order terms as unknowns to be determined from the
equations obtained by assuming equality of undercoolings, averaged over the individual lamel-
lar widths for all the different solid-liquid interfaces constituting a basic unit of the eutectic
structure. A force balance at a triple junction formed by the intersection of the two solid-liquid
interfaces and a solid-solid interface determines the contact angles of the solid-liquid inter-
faces with the horizontal. Thus, the solidification front is not planar and assuming so while
determining the diffusion fields is only done to keep the mathematics tractable. The liquid com-
positions at the solid-liquid interface are used to compute the constitutional undercooling while
the curvature undercooling is determined by a knowledge of the Gibbs-Thomson coefficients,
contact angles and the solid phase fractions assuming the shapes of the solid-liquid interfaces
to be given by circular arcs. The total undercooling at the interface is given by a sum of the
constitutional and curvature undercoolings. The condition of equal average undercoolings at
the different solid-liquid interfaces is an approximation which is reasonable when the volume
fraction of the two eutectic solids are similar along with similar properties of the two solid-liquid
interfaces. An asymmetric phase diagram and dissimilar solid-liquid interfacial properties lead
to different solid-liquid interfaces selecting different average undercoolings as seen from their
different relative positions in the imposed thermal gradients in experiments, and in such cases
the equal undercooling criterion proposed by Jackson and Hunt [8] is associated with larger
errors. The other assumptions of solid phase fractions and their compositions being given by
the equilibrium phase diagram are also limited to situations of slow growth characterized by
small Peclet numbers as they change with undercooling at the interface which is higher for
faster solidification.

All the theoretical developments discussed till now assume the solid phase fractions and
compositions to be given by the phase diagram where in reality the solidification front is al-
ways undercooled which introduces deviations. Though the deviations are small for growth
characterized by low Peclet number a concomitant theoretical modification is necessary for
faster solidification conditions. One of the first attempts in this regard has been from Series et
al. [163] which provides error-estimates w.r.t the classical Jackson-Hunt calculations using an
electrical analogue to solve the solute-diffusion problem. Donaghey and Tiller [41] presented a
solution to the solute diffusion problem for a binary alloy as a Taylor series expansion about the
Peclet number. Though, they restricted themselves to the solution of the diffusion problem only
and did not include their solutions in the expressions for undercoolings at the growth fronts,
two succeeding studies by Trivedi et al., [40] and Ludwig and Leibbrandt [164] build upon the
ideas put forth by them to perform a JH type calculation. Trivedi et al., [40] (also known as
the TMK model) extend the Jackson-Hunt (henceforth referred to as JH) type calculations to
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high Peclet number growth for some special phase diagrams. Their analysis still invokes the
equilibrium solid phase fractions and compositions but considers the Peclet numbers appearing
in the higher order terms in the expressions of average liquid compositions as functions of the
lamellar width A, and predicts a different operating point of the eutectic from that obtained
predicted by the JH theory. Ludwig and Leibbrandt [164] generalized the ideas proposed by
Trivedi et al. [40] to arbitrary phase diagrams. In addition to higher velocities, one of the other
reasons due to which phase fractions could change, are due to the different densities of the
phases. This has been addressed in the work by Magnin and Trivedi [165, 166], wherein one
of the additional assumptions in the original JH calculations [8] that is the equality of phase
undercoolings which is imposed in order to close the system of equations for determining the
composition field in liquid, is relaxed.

The theory by Jackson and Hunt [8] forms the premise of several important theoretical
studies of coupled growth in multi-component systems as well. Unlike binary alloys, multi-
component systems have the possibility of multi-variant coupled growth of solid phases, i.e., a
situation where the number of components are greater than the number of phases solidifying and
hence associated with degrees of freedom greater than or equal to one. Following the classical
JH-route here becomes a problem as the condition of equal interfacial undercooling presents an
under-determined system of equations for the solution to boundary layer compositions, which as
we recall from the previous discussion is a term that is left as an unknown in the JH formulation
of two-phase growth in binary alloys. The major challenge here is the under-determined nature
of the problem where the number of components and hence the unknown zeroth order terms
in the Fourier expansion of each of the components exceed the number of equations which are
given by the number of solid phases in the system. For a ternary monovariant system where two
solid phases form out of a single liquid phase, McCartney et al., [37] are the first to circumvent
this difficulty by introducing an additional constraint relating the magnitude of the composition
boundary layers of the two independent components assuming the solid phase fractions to be
given by the equilibrium phase diagram. Plapp and Karma [16] present a particularized estimate
of the undercoolings at the interface for a ternary monovariant eutectic where the two growing
solid phases reject a common component. For invariant reactions in multi-component systems,
however, the system of equations derived from the conditions of equal interfacial undercooling
are always enough to determine the unknowns. Exemplary studies in this regard are reported
by the studies by Himemiya and Umeda [38] and Choudhury et al., [39] provide expressions for
computing the undercoolings at the solidification front for different arrangements of the solid
phases.

The other difficulty with approximating solid phase fractions and compositions from the
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phase diagram is compounded in a multi-component setting where the diffusivity matrix intro-
duces additional departures from phase diagram predictions. These observations necessitate a
theoretical development where the compositions and volume fractions of the solid phases are
unknowns which have to be determined as part of the solution. Catalina et al., [42] presented
a theory for two phase growth in multi-component alloys where the unknowns are expressed
as functions of the volume fractions and compositions of the solidifying phases. They obtain
a solution to this problem by assuming a constancy of the compositions of the one of the so-
lidifying phases. This constraint is relaxed by Senninger and Voorhees [43] to obtain a theory
which predicts the compositions as well as the phase fractions during two phase solidification
in a multi-component alloy.

In Chapter 7 we present a theory extending the JH calculations to describe a coupled growth
of multiple solid phases from a multi-component alloy melt. Our theory treats invariant as well
as multi-variant growth in multi-component alloys in a unified manner to predict the solid
phase fractions and compositions as functions of the solute diffusivities and coupled growth

conditions.

2.5 Eutectic colony formation in systems with interfacial

energy anisotropy

Eutectic solidification in multi-component systems can be multi-variant, i.e. the number of
degrees of freedom can be equal to or greater than one. In such systems, it might so happen
that all the eutectic solids reject (consume) one of the components into (from) the liquid.
This leads to the formation of a solutal boundary layer ahead of the moving interface akin to
the one observed in single phase solidification. The presence of such a boundary layer ahead
makes the interface susceptible to the growth of interfacial perturbations. This is essentially a
Mullins-Sekerka (MS) type instability of the eutectic growth front leading to the formation of
eutectic cells (or colonies) whose counterpart in the case of single phase solidification leads to
the formation of single phase dendrites.

Experimentally, eutectic colonies have been extensively studied, as in [127, 167, 168, 169,
170, 171, 140]. including a study on their dynamics during directional solidification of thin
samples [9]. Furthermore, Akamatsu et al. [10] are the first to observe and characterize the
helical arrangement of two eutectic solids about a finger axis, which they anoint as “eutectic
spirals”. They also point out the presence of such structures in studies that predate their

observation, like the one in Al-Cr-Nb systems carried out by Souza et al. [172].
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Plapp and Karma [44] showed that though the instability of a eutectic growth front leading
to the formation of the cells or colonies is conceptually similar to the one observed during single
phase solidification, the nature of the instability in the former is oscillatory compared to the MS
instability operative during single phase solidification. In this study, they performed a linear
stability analysis of the eutectic growth front with a solutal boundary layer ahead to arrive at
such conclusions. Another important theoretical work in this regard is presented by Akamatsu
et al., [173] where the establish the scaling of the eutectic spiral tip-radius (p) with V=% where
V' is the spiraling dendrite tip growth velocity.

A theoretical understanding of the entire process of formation of multi-phase cells or colonies
could only be derived from simulations as a linear stability analysis is only applicable to the very
early stages of growth. Phase-field simulations of colony formation in a ternary monovariant
system with isotropic interfacial energies is first reported by Plapp and Karma [16] where they
study not only the early stages of eutectic colony formation but also the late stage dynamics.
Their simulations confirm and validate their theory in [44] and highlight several interesting
features of the colonies in isotropic systems. Plapp and Karma [16] show that the two-phase
cells (or colonies) in an isotropic system are unstable. They do not have well defined orientations
and are not associated with a particular length scale. Once formed, they broaden and split
continuously, a behavior which is similar to the cells in single phase materials. The lamellae
pairs constituting the fingers are found to be roughly orthogonal to the solidification front.
Stable colonies and spirals are observed in the phase-field studies conducted by Pusztai et
al., [50] and Ratkai et al., [51] in the presence of kinetic anisotropy. As we will see later in
Chapter 8, two-phase spirals are a result of co-ordinated growth of the two solid phases about
a common axis. A recent phase-field study by Hotzer et al. [155] explores the microstructures
associated with the coupled rotation of the rods belonging to one of the eutectic solids about
a common axis aligned with the temperature gradient during directional solidification of an
Ag-Al-Cu alloy, under conditions when the soldification front is planar.

Experimental observations of eutectic solidification are replete with instances where at
least one of the solid-liquid or the solid-solid interfaces are anisotropic in character. Spiral-
ing structures observed during steady-state of binary eutectic alloys are reported by Fullman
and Wood [45] and by Liu and Jones [46] in Zn-Mg alloys and by Fullman and Wood in Al-Th
alloys [45], which are attributed to the anisotropic nature of the interface between the two
eutectic solids. A recent experimental study of the steady-state lamellar eutectic growth modes
with anisotropic solid-solid interfaces is reported by Akamatsu et al., [49]. Theoretical studies
which explore the implications of anisotropic interfaces between the two eutectic solids during

steady state binary eutectic growth are presented by Akamatsu et al., [48] and Ghosh et al., [47].
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These studies provide analytical predictions of the orientations of the solid-solid interface in a
directional solidification setting.

Our motivation for the study presented in Chapter 8 is to explore the eutectic colony
formation dynamics and their features in a system with anisotropic solid-liquid or solid-solid
interfacial energies. We conduct phase-field simulations in 2D and 3D to explore the behavior

in such systems.

2.6 Phase-field modeling

In our thesis, phase-field modeling serves two important purposes. The first is to benchmark
the predictions from our analytical theories and the second is to understand the non-linear
regimes of transformations which are analytically inaccessible. In the following paragraphs we
present a survey of the key developments in this discipline culminating in the models we have
employed in this thesis.

The inception of phase-field modeling as a scientific discipline to study transformation in
materials started with the descriptions by Cahn, Hilliard [174] and Allen, Cahn [175]. In any
microstructure, the coexisting phases can be identified one the basis of several parameters
like phase compositions, degree of ordering, etc.,. Cahn, Hilliard [174] and Allen, Cahn [175]
described the interface separating any two phases as a region where the characteristic parameter
differentiating the two phases varies continuously between the values assumed for either phases.
Temporal evolution of such a microstructure thus parameterized can be studied by solving for
the appropriate evolution equations for the phase-fields as described by Cahn [176] for conserved
variables, and by Allen and Cahn [175] for non-conserved variables. A crucial feature of their
descriptions is that the width of the diffuse interface in their models is determined by different
physical properties of the system and hence is a quantity which is a property of the chosen
system. The Cahn-Hilliard model assumes a position of central importance in the modeling
of solid-state phase transformations. It allows for an easy integration of the changes in elastic
energy, which is extremely common in transformations involving solid phases and hence has been
extensively employed to study such transformations, e.g., the studies by Hu and Chen [177],
Gururajan and Abinandanan [178] and Lahiri et al., [179].

Langer [180] introduced diffuse interface models with a different philosophy to the Cahn-
Hilliard [174, 176] and Allen-Cahn models [175]. In Langer’s [180] model, the phase-fields are
mathematical field variables describing the spatial distribution of the different phases consti-
tuting a microstructure. In contrast to the earlier models in [174, 176, 175], the phase-fields

no longer represent physical quantities with the width of the diffuse interface separating any
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two phases being a parameter which can be chosen to model the relevant length scales in the
problem. This model, based on the Model C of Halperin and Hohenberg [181], marks the be-
ginning of a long chain of developments which brings us to the phase-field models employed for
studying solidification today.

Collins and Levine [182] also proposed a model of solidification in pure materials where
a non-conserved order parameter is employed to differentiate between the two phases. In all
these models, the evolution of the phase-field is driven by the temperature field, which itself
is governed by the heat diffusion equation. Large scale computer simulations of dendritic
growth in pure materials is first reported by Kobayashi [105] based on a model along the
lines of that proposed by Collins and Levine [182]. The models presented in [180, 182, 105]
incorporate the effects of the interface migration on the evolution equations for the temperature
field by introducing an additional source term which represents the evolution of latent heat
with the migration of the solidification front. Penrose and Fife [183] presented an alternate
formulation based on the maximization of a single entropy functional which is equivalent to
the models in [180, 182, 105]. The idea of Penrose and Fife [183] is extended by Wang et
al., [184] to describe the models by Langer [180], Collins and Levine [182] and Kobayashi [105]
as special cases obtainable from a generalized framework of models derivable from entropy
maximization. A phase-field model for the solidification of binary alloys is presented by Warren
and Boettinger [107] based on the entropy maximization principles presented by Penrose and
Fife in [183]. Phase-field models which take into account the simultaneous existence of multiple
phases when each of them can be described by a different order parameter is presented by
Steinbach et al. [185] and Garcke et al., [186]. Nestler et al. [187] present a model to simulate
the evolution of multiple phases in a multi-component alloy governed by a maximization of
entropy functional.

Despite the enormous computational benefits offered by phase-field models, it is important
to confirm their quantitative accuracy by comparing their predictions in the sharp-interface limit
to those obtained from sharp-interface models themselves. Studies by Caginalp et al., [188],
Wang and Sekerka [189] and Wheeler et al., [106] show that for predictions from phase-field
models to be quantitatively similar to those obtained from sharp interface moving boundary
problem, the interface width in phase-field models needs to be small. As discussed earlier,
using a smaller interface width is associated with higher computational costs and this revelation
from [188, 106, 189] pits the accuracy of phase-field models versus their computational efficiency.
Analyzing the phase-field models in the limit of vanishing interface thickness also shows that a
finite kinetic undercooling of the interface is always present in a diffuse interface model. This

is a numerical artifact of the diffuse interface model and is not representative of solidification
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at low undercoolings where the interface attachment kinetics is negligible. Smaller interface
widths are chosen to limit the interface effects which severely increases the computational load
to simulate solidification at low undercoolings where larger interface widths should be chosen
in accordance with the diffusion length scales which are large. Instead of performing sharp-
interface asymptotics on phase-field models, Karma and Rappel [118, 121] explore the behavior
of diffuse interface models at a small (w.r.t the diffusion lengths) but finite interface thicknesses
and derive expressions for values of certain parameters which would lead to a disappearance of
the spurious interface kinetic effects. Thus, the study by Karma and Rappel [118, 121] propose
the idea that instead of insisting for an equivalence between sharp and diffuse interface models
at vanishing interface thicknesses of the latter, both models can be found to be in much closer
quantitative agreement at a small but finite width of the interface in phase-field models. These
ideas are extended to solidification in binary alloys by Losert et al., [190].

Quantitative accuracy of a phase-field models involving solute diffusion has also been keenly
scrutinized. A popular model for isothermal solidification in binary alloys proposed by Wheeler
et al., [191] shows an existence of a excess in grand potentials arising due to the diffuseness of
the solid-liquid interface. Kim et al., [192] showed that this grand potential excess restricted the
width of the interface that can be used for a given interfacial energy. In a succeeding paper Kim
et al. [193] relaxed this limitation by expressing the solute concentration at a given point in the
simulation domain by a weighted average of the solid and the liquid phase compositions, which
are themselves determined by a common tangent construction. Folche and Plapp [194, 148]
extended these concepts of quantitative phase-field models to models describing two phase
growth.

Ahmad et al., [195] discuss another artifact associated with phase-field modeling of alloy
solidification which is the phenomenon of solute trapping. In phase-field models the diffusivities
in the solid are usually neglected in comparison to the diffusivities in the liquid. This is a
realistic approximation given the several orders of magnitude of differences in the solid and the
liquid diffusivities observed experimentally. The change in diffusivity across a diffuse interface
results in differences in chemical potentials on either side of the interface which represents
incomplete distribution of the solute during the motion of the interface. Solute trapping is
an experimentally observed phenomenon during rapid solidification and should be reflected in
phase-field models as well. The fact that solute trapping is observed in phase-field models even
during slow growth is an anomaly which has been attributed to the diffuseness of the interface.
As the interface width in phase-field models is often chosen such that realistic domain sizes are
computationally accessible, it leads to the observation of solute trapping even at slow growth

rates. Karma [196, 88] suggested introduction of an artificial solute current from the solid to
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liquid to neutralize the anomalous solute trapping. Though the introduction of this term has
no thermodynamic justification, it is widely accepted as the way to tackle this problem. An
excellent review of phase-field modeling techniques in solidification is presented by Choudhury
and Nestler [197].

The latest in the long series of development of quantitative phase-field models for solidi-
fication is one where the free energy functional is replaced by an equivalent grand-potential
functional. This model is independently proposed by Plapp [198] and Choudhury, Nestler [199]
and provides the most computationally efficient alternative for tackling the excess grand poten-
tial associated with the diffuseness of the interface. This model allows a complete decoupling
of the bulk and the interfacial contributions to the grand potentials and facilitates a choice of
the interfacial width which is appropriate for the domain sizes to be studied. In this thesis, we
employ both two-phase and multi-phase versions of this model to simulate various phenomena
related to single phase and multi-phase growth in multi-component alloys. We describe the
grand-potential formulation of phase-field models in detail in Chapter 3.

In this thesis, we have performed phase-field simulations employing the Grand potential
model [199, 198] for benchmarking all of our analytical calculations. Some late stage mi-
crostructures of dendritic growth in multi-component alloys have also been obtained using this
model. We employ a combined Cahn-Hilliard [174, 176] and Allen-Cahn [175] model to simulate
the eutectic colonies. This model has been explained in Chapter 8 alongside the simulations of

eutectic colonies with anisotropic interfaces.
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Chapter 3

Phase-field model: The grand-potential

formulation

In our thesis, we employ two different kinds of phase-field models to study the problems of
interest. One of them is the latest variant in the long line of diffuse interface models employed to
model solidification. This is the Grand-Potential model, independently proposed by Plapp [198]
and Choudhury, Nestler [199] and incorporates all the features of a phase-field model designed
to be equivalent to sharp interface models in the limit of thin interfaces. This model is employed
to quantitatively validate all our analytical predictions corresponding to the linear regime and
also to provide important information regarding the process of microstructure formation during
the analytically inaccessible non-linear regime. In the following four chapters, we employ this
model for performing phase-field simulations, while a different phase-field model is invoked and
described in Chapter 8 to simulate the unsteady growth of eutectic colonies.

The Grand-Potential model derives its name by considering the driving forces for phase
transformation as a difference between grand-potentials of the two phases. In the next section,
we present a short review of the thermodynamic relationships which establishes the grand-
potential as the appropriate function for treating phase transformation in multi-component

alloys.

3.1 Motivation from sharp interface

The salient feature of the model we are about to discuss is that it takes cue from the condi-
tions determining equilibrium between two phases, in a sharp-interface context, to formulate a

description of the energy of the system containing diffuse interfaces. Thus, a short review of
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the criteria of equilibrium and the description of driving forces in a sharp interface model is of
value. In a sharp interface description, the equilibrium between two phases is obtained under an
equality of all the intensive quantities at the interface, i.e., temperature (7'), pressure (P) and
the chemical potentials (47;). A dis-equilibrium is identified by a pressure difference between the
two phases which provides the necessary driving force for the motion of the interface leading
to growth of one of the phases at the expense of the other. Considering a K component alloy,
with one mole of the parent phase («) and the product phase (3), the pressure acting on a
phase is then given by the expression obtained by a re-arrangement of the integral form of the

Helmholtz free energy F' = —PV,, + Zfil (1;IN;, for one mole of material, and is stated as,

K
Pl= —(f7 =Y ap), (3.1)
=1

We have invoked local equilibrium by equating the chemical potentials of the components in
both the phases: & = uf = /i;. f*? denotes the Helmholtz free-energy density of the phases.
pf"ﬁ = N/ B /Vim is the number density of any particular component in a phase, under the
assumption that the molar volumes (V},,) of the phases are the same. N;* ¥ denotes the number
of particles of the component i per mole of a phase. The chemical potentials are computed

according to their classical definition,

Cwp  OF
Mi =
ON;

(3.2)
Nj,j#i

F*# denotes the total Helmholtz free energy of one mole of the corresponding phase. The

constraint denoting the constancy of the number of particles in each phase is given by,

K
> ONM =N (3.3)
i=1

where Ny denotes the Avogadro’s number. Dividing this expression throughout with the molar

volume V,, leads to,

K
> 0t == No/Vi. (3.4)
=1
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Substituting for pg’ﬁ from Eq. 3.4 in Eq. 3.1, we can obtain a condition of equilibrium given by
P® = PP written as,

K-1 K-1

FO= D = pi)pd = £ =) — 1i)e; (3.5)

=1 i=1

where we have considered the K-th component as the solute. The difference in chemical po-

tentials (1; — (k) can be related to diffusion potentials (u;) stated as,

. — = 3.6
(11 — pix) Ny (3.6)
which follows from,
'_d_F_ d_F_N 8F+8Fde
Hi = dCi N Osz - 8Nz 8NK dNZ

= No(fii — k) (3.7)

Employing Eqs. 3.6 into Eq. 3.5, we can express the criterion of equilibrium between two phases

in a sharp interface description as,

fe e S = = e > el (35)

In Eq. 3.8 the phase compositions are denoted by c?’ﬂ and they are related to the number
141 O‘75
densities p; " by,
wf Niaﬁ pqﬂ

et = = 3.9
R 39

A driving force for the transformation of « into [, is expressed by a difference in pressures
in the two phases for the same chemical/diffusion potentials and temperature. For a growth of

[ phase at the expense of a phase, we can write,

1 K-1 1 K-1
AP = PP p* = (f“ D uicf) - (fﬁ — D uic?) - (3.10)
i=1 moi=1

m .

From the definition of a grand-potential, ¥ = F' — ZzK [1;N;, the pressures are equivalent to

negative grand-potential densities of the phases, i.e., P*® = —U*# and thus an alternate
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description of the driving force for transformation can be expressed as,

AP = PP — p = g — §P

:A\I’OWB: fa—LKzlu-cq _ fﬁ_i
Vo =0 Vin

=

-1

i=1

where,

ws ws 1 K-1 ot
gos = fo _V_ZMCZ' . (3.12)
moi=1

This concludes our discussion of the driving forces of phase transformation in a sharp interface
setting where we have seen the differences in the grand-potentials of the phases acting as the
driving force for transformation.

We begin with a description of the Grand-Potential model employed to simulate single
phase solidification in a multi-component system. The model is general enough to tackle the
simultaneous growth of several solid phases, as will be made clear during our description of the
completely general multi-phase version of the model later on. The simpler setting of growth of
a single product phase (which also forms the backdrop of the following three chapters) serves
a context in which some of the details of the Grand Potential model can be easily introduced

and hence we begin with a description of that scenario.

3.2 Grand-potential model: Two phases in equilibrium

Moving on to the description of a phase-field model, the fact that differences in grand-potential
densities describe the driving forces during phase transformation, is utilized to construct the
energetics of a system with diffuse interfaces. The grand-canonical density functional (€2) of

the system is given by,

w,w):/ W (T, ) +

\%4

(ea (Vo) + —w <¢>) av, (3.13)

where p denotes the set of diffusion potentials corresponding to each independent component

in the multi-component system, p = {u1,p2, -+, ux—1} and T denotes temperature. The
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values of the order parameter (¢, also known as the phase-field) demarcates regions of pure
product phase 8 (¢ = 1), pure parent phase a (¢ = 0) and the interface between the two
(where ¢ is a positive fraction), in the two phase microstructure. The double-welled polynomial
w(g) = 90¢* (1 — gb)2, introduces a potential barrier between the parent and the product phases
which are at equilibrium. The parameter € controls the interface width. A penalty in grand
potential associated with the gradients in ¢ is introduced into the model through the term
a (V) which for the case of the two phase equilibrium under consideration is just a function

of the gradients in the phase-fields (¢), given by,
a(V¢) = 0ai(n) (Vo)", (3.14)

where ¢ denotes the interfacial energy and the anisotropy is introduced through the function

a. (n), written as,

ac (i) = 1£¢

3—4 (Z n4>] , (3.15)

where, d indicates the number of dimensions, d = 2 for 2D, d = 3 for 3D, and n denotes the
unit normal vector pointing towards the liquid, defined as,
Vo),
n; = ~——-=. (3.16)
V|
The parameter ¢ denotes the magnitude of the anisotropy (¢ = 0 denoting isotropy) in the
solid-liquid interfacial energy, while n being the number of folds of symmetry in the anisotropy
function. The =+ sign in Egs. 3.15 represents the two possibilities in the orientation of the low
energy directions in a laboratory frame which are conjugates of each other.
In the diffuse interface model, the grand potential density ¥ at any point in the system is

obtained by an interpolation of the grand potentials of the v and the 3 phases as given by,

U (p, T, ) = 0% (u, T) 1 (1= ¢) + 7 (u, T) h (), (3.17)

where U# and ¥ are functions of the diffusion potential vector g = {u1, ..., pux_1} and the
temperature (T) in the system. The exact forms of the functions W*# (y;, T') are discussed in a
later section on the system thermodynamics. h(¢) = ¢? (3 — 2¢) is an interpolation polynomial
with the property h(¢) +h (1 —¢) = 1.

The compositions in every phase can be derived as functions of the diffusion potential vector
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p as given by (see Eqgs. 3.12),

o’ (p, T)

czaﬂ (I‘l’v T) = _Vm alu

(3.18)
The molar V,, is taken to be a constant for both the phases.
The phase transformation manifesting by a motion of the diffuse interface is captured by

the evolution of ¢, which is obtained by solving,

8¢_6(v da 8a>_18w(¢5) ov (u, T, )

== B as) e ae s (3.19)

Tsl€

Tq 1s the relaxation constant with its value set to obtain a diffusion controlled interface mo-
tion [21].

For solidification in a multi-component system, the evolution of p can be expressed as,
ot

[pzaﬁh acp (1, )

o

-1

{V' (i M;; (@) Vi —Jat,z)
iy or "L 1 oc (.,
SY awn O TS (M) me) (5.20)

where [-] denotes a matrix of dimension ((K — 1) x (K — 1)) while {-} represents a vector of
dimension (K —1), and we have used h; (¢) = h (1 — ¢) and hy (¢) = h (¢). The atomic mobility
M;j (¢), is obtained by interpolating the individual phase mobilities,

My (¢) = M(1 = ) + Mo, (3.21)

where, the mobility matrices Mf;ﬁ are defined by,

1z = o] [_@Ci";W) | 5.2

Hj

where ij”g are the solute inter-diffusivities. In our calculations, the solute diffusivities are
assumed to be negligibly small in the solid compared to that in the liquid. This assumption
leads to an anomalous solute trapping that is corrected by using an anti-trapping current [21].

In order to perform simulations using a temperature gradient, a linear temperature gradient
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in the growth direction with the following profile is initialized,
T(z)=T,+G(z—V1t), (3.23)

where T is a reference temperature, GG is the thermal gradient, V' is the pulling velocity, ¢ is
the time, while z is the co-ordinate in the growth direction.

In the preceding discussion of the phase-field model for a two phases, there are several
thermodynamic relationships that are yet to be specified, e.g., ¢;(u,T) etc. There are sev-
eral possibilities of such dependencies which will be discussed in detail in the section titled

“Thermodynamics” presented later.

3.3 Grand-potential model: Multiple phases in equilib-
rium

In this section we present a generalized version of the Grand-potential model which can consider
the simultaneous evolution of a number of phases. The simplified model described above for
studying the growth of a single product phase from a parent phase is a special case of the model
we present below.

In the concurrent presence of N phases, the grand potential functional(£2) can be expressed

as,
T8 = [ |¥(uT.9)
+ (ea(¢, Vo) + %w <¢)> av. (3.24)
where ¢ = [b1, P2, -, ¢dn] are the phase-fields representing the spatial arrangement of N
phases and p = [pq, pi2, - -+ , puic—1] are the diffusion potentials associated with each one of the

K — 1 independent solutes. The functionals w and a represent the surface potential and the
gradient energy density respectively. The minimization of €2 leads to the evolution of the spatial

arrangement of the phases (¢) denoted by,

29, _ (V 9a(¢.V$)  da(e, v¢>>)

T o OV, Iy
Low(¢p) OV (u,T, )
R P _ A, (3.25)
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where A is calculated to ensure fozl ¢m = 1 at every mesh point in the simulation domain.
T is the relaxation constant with its value set based on the criterion stated in [200] and [21] to
obtain a diffusion controlled interface motion.

The driving force for growth of any generic phase p from m in this model, is given by,
AY™P = g™ — PP, (3.26)

All the grand-potentials of the participating phases (¥?)’s at any particular point in the simu-

lation domain are interpolated to obtain ¥ as,

V(T 0) =Y W(T, w)hy (), (327)
where,
N,N
hp(@) =62 (3—20,) +26, > Smbn (3.28)

m=1,n=1,
m<n»m7£p7n;ép

The gradient energy density (a(¢, V)) is written as,

N,N

a(¢, Vo) = Z Tpm @z (Gpm) |Gpm] %, (3.29)

p=1m=1,p<m

where the indices p and m iterate over the phases in the system. o,,, is the interfacial energy.
The form of the anisotropy function is already mentioned in Eq. 3.15 where the vector ¢ now

plays the role of the outward normal n. The vector ¢ can be written as,

Gpm = ¢pv¢m - ¢mv¢p (330)
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The surface potential w(¢) is given by,

;

16 N,N
) Z 7mp¢m¢p+

m,p=1
(m<p)
N,N,N

m,p,n=1
(m<p<n)

0, elsewhere
\

where >~ = {¢| Zﬁzl ¢m = 1 and ¢, > 0}, vy is the surface entropy density and v, is a
term added to maintain the solution at an mp interface strictly along the two phase interface.

The evolution of p is expressed as,

{%*:}:

(fmj

{V : (Z_ Mi; () Viuj — Jat,i)

oT oc (u, T
S (M) )

where 7 and j iterate over the (K —1) independent components. [-] denotes a matrix of dimension
((K—1)x (K —1)) while {-} represents a vector of dimension (K —1). The anti-trapping current
Jat,i has a sense and magnitude which nullifies solute trapping at the solid-liquid interface and
is determined by the expressions given in [21] and [200].

The atomic mobility, M;; (¢) is obtained by interpolating the individual phase mobilities

as,
Z M?g,(¢ (3.32)

where the individual phase mobilities are given by,

30’1;(H,T)}7

3.33
O (3.53)

] = 0% |
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where Dj; are the solute inter-diffusivities in the p-th phase and g,(¢#) are interpolants given

as,

9p(¢) = QS;QJ (3 - 2¢p) : (3-34)

The composition fields are obtained as functions of g and ¢ as,

¢ =3 (. T) (@),

a‘ljp (¢7 /1’7 T)

D (1 T) = —
& (p,T)=-V, o

: (3.35)
with the molar V,, is taken to be a constant for all the phases.

We employ a finite difference explicit method to numerically time-integrate the Allen-Cahn
equation 3.25 and the diffusion equation 3.31 as it lends itself naturally to parallelization over
multiple CPU cores in a distributed memory system, accomplished by invoking the Message-
Passing Interface (MPI).

The descriptions of the two-phase and the multi-phase being given, we now focus on the

thermodynamic relationships that are invoked while solving for the phase-field equations.

3.4 Thermodynamics

In this section, we discuss the thermodynamic relationships which are part of the phase-field
model. In this thesis, we invoke two different thermodynamic descriptions. They differ from
each other in the order of terms in diffusion potentials appearing in the expressions for driving

forces. We discuss each of them in the following subsections.

3.4.1 Parabolic driving forces

In this case, we approximate the variation of free energy densities of the phases as functions of
compositions, by paraboloids. During multi-phase growth there are several two-phase equilibria,
between each one of the product phases with the parent phase. We present the description of
free energies and the resultant thermodynamic relationships for one such two phase equilibrium,
which can be extended to others by an appropriate choice of the constant parameters. For any

generic multicomponent alloy with K components, out of which K — 1 are independent, the
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expression of the molar free energy of one of the product phases (denoted by () is given by,

K—1
FP= N Al +ZBﬂ ¢ + D(T), (3.36)
i=1,j=1,i<=j
and the one corresponding to the parent phase (denoted by «) is given by,
K-1
Fo= Y A%, (3.37)
i=1,j=1,i<=j

*(T) and DP(T) are constants to be determined out of whom BZ- (T) and D?(T)

where AUB, B’
are temperature dependent. The diffusion potentials of the components can be expressed as
OF”
1l = —F = — 2487 + Z Al + B)(T), (3.38)
i JrJFi
and,
lui ac - 2Azzcz + Z Az] 7 (339)

v FNE

The relationships described in Egs. 3.38 and 3.39 can be written in a vector-matrix form as

py 247, AL, - Al & BY(T)
4 Al 245, - AP & BJ(T

S = AE=D by QF S (3.40)

B B B B B B

FE -1 A(K—l)l A(K nz 2A(K—1)(K-1) Cr-1 B (T)

and,

Iy 2A% Afy T A(IX(K 1) ct
S T A (3.41)
P —1 A(aK—l)l A((XK—1)2 QA?K—I)(K—l) Cx—1
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Computing the derivatives of the diffusion potentials (u”) given in Egs. 3.38 and 3.39 w.r.t

compositions (¢?), we find,
247 Al A?(f{ 1)
ou] ™ | AT 24’ - AT (3.4
Oc N : ’ ’
a,f a,B a,B
A(K—l)l A(K—1)2 2A(K 1)(K—1)

Using Eq. 3.42 in Eqgs. 3.39 and 3.38, we can write,

) =[] ey + {meany 39

and,

) = || ey, (3.44)

J

These relationships of y; (¢j, T') expressed in Eqgs. 3.43 and 3.44, can be inverted to express the

phase compositions as functions of diffusion potentials and temperature, as given by,

() =[] fue - mm} (3.5

and,

861- « o
o] e, (3.16)

@ =]

The matrices [9¢/du]™” in Egs. 3.45 and 3.46 are obtained by inverting the matrices [9j1/dc]™”
The relationships ¢; (p;,T) presented in Eqs. 3.45 and 3.46 are still expressed in the form of
constants A%’ﬂ and Bf (T') which have to be determined.

Another thermodynamic relationship of crucial importance in the phase-field model is an
expression of the driving force for a transformation of o into 3. As we have already demonstrated
in the beginning of this chapter, a difference in grand-potential densities of the two phases

constitutes the driving force written as,

. 5 1Kl o 1Kfl 5
AV = 0 — 9F = s —V_Z“icz' . (3.47)

Vin i=1 moi=1
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By employing Eqgs. 3.36, 3.37, 3.45 and 3.46 into Eq. 3.47, it can be expressed as functions

of the diffusion potentials 1’ and the constants Af;ﬁ : Bﬁ (T) and DP(T). Tt is evident from

Eq. 3.47 and Eqgs. 3.36 and 3.37 that this representation of driving force contains terms which
are second order in diffusion potentials "’

As the key thermodynamic relationships represented by Eqs. 3.46, 3.45 and 3.47 can be

a7ﬁ
ij

BY(T) and DP(T), we focus our attention on the procedure to determine these constants.

completely described a knowledge of the diffusion potentials (u?’ﬁ ) and the parameters Aj

The constants A 0 are determined by the curvatures of the free energy functions as obtained
from thermodynamlc databases (see Eq. 3.42) or from other solution models like the “Regular
solution model”. They are assumed to remain constant with temperature, as apparent from
the form of the free energy function in Eqgs. 3.36 and 3.37.

The constants B;-g and D”? are functions of temperature and they are determined by the
temperature dependence of the oo — 8 equilibrium from the phase diagram. The values of these
constants are determined by employing the different thermodynamic criteria of equilibrium
between the two phases, at different temperatures. The first set of equilibrium criteria requires

the equality of diffusion potentials in the two phases, given by,

pe = g1y (3.48)
This allows us to write,
K-1
o ax B 6* o ok B ﬂ*
B =2 (A5 — Al ) + 3 (Ageg - Al (3.49)
J.J#

The other condition of equilibrium corresponds to an equality of grand-potential densities,

stated as,
Ul = e

Z e Z Hi el (3.50)

which leads to an expression for calculating D”, given by,

K-1
pP= % (Afjcf*cﬁ* A2 e a*). (3.51)
i=1,j>=i
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The * in the superscript to compositions in Eqs. 3.49 and 3.51 denote quantities which are
predicted by the equilibrium phase diagram.

“P* as a function of temperature (T'), we invoke an approximation

In order to compute c;
that with a change in temperature the projection of the tie-lines from an isothermal section for a
higher temperature on to a section at a lower temperature are collinear with the thermodynamic
tie-lines at the lower temperature. In other words, our assumption ensures that a vertical
section, parallel to the temperature axis, when drawn through the multicomponent equilibrium
parallelepiped (for ternary; it’s a higher dimensional object for multi-component alloys) such
that it contains a tie-line at any one temperature, such a vertical section will continue to contain
the corresponding tie-lines at all the other temperatures over which the two phases coexist. This
can be mathematically represented as,

GHNT) = (T _ D) — ()

- =1 - Vi, je K—1. (3.52)
¢ (T%) = e*(T) ¢ (T7) = ¢§™(T7)

Eq. 3.52 works well for situations where the solidus and liquidus surfaces are reasonably flat
and don’t have a pronounced curvature. In the event it is not so, the intersection of the vertical
plane containing the original tie-line with the solidus and the liquidus surfaces does not contain
the equilibrium tie-lines at temperatures other than the one at which the original tie-line is
considered. An alternate approach then would be to parameterize all the liquidus compositions
lying on the intersection of the vertical plane with the liquidus surface and their corresponding
solidus compositions (as obtained from the thermodynamic databases of Thermo-Calc and
CALPHAD) as functions of temperature (T') and utilize them to compute the constants B’
and D? from Eqgs. 3.49 and 3.51.

There are only (K — 2) independent equations of the form Eq. 3.52 amongst the %(K —
1)(K — 2) possible, for each of the phases a or 5. An expression for the undercooling in the
system can be obtained by considering either boundaries of the two-phase coexistence, written

as,
K-1
S () = T)) =T - T (3.53)

Now, we substitute for any of the (K — 2), (c?*’ﬁ* (T) — cf‘*’ﬁ*(T*)) ’s in Eq. 3.53 in terms of
the departure in concentration (due to temperature change) of the one remaining specie from

Eq. 3.52. This process is repeated for all the components, resulting in an expression for a change
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in their concentration as a function of temperature as,

e (T7) — (1)

vk, 3% ak, B * *
;T = (T + ob (T -T7), (3.54)
AT}
where,
AT = Z me ( o () cB*(T*)> (3.55)
ATS = Z m ( ox (%) — 05*(T*)> (3.56)

8 pB
ii » Bi

(,uj, T), where now, uf = /Li = u;, due to imposition of equilibrium. Also, the driving forces

A knowledge of the constants A (T) and D?(T) completely specifies the relationship
for phase transformation AW*? can now be completely specified in terms of the diffusion poten-
tials p; and temperature 7. It must added that in order to successfully employ the parabolic
approximations to free energies and driving forces, we need to approximate the curvatures of the
free energy functions obtained from thermodynamic databases by constants. In addition, the
phase diagram information corresponding to each of the two-phase equilibrate is also required.

In this subsection, we have described the formalism where the driving forces for phase
transformation contains terms which are second order in diffusion potentials p,;. In the next
subsection, we present an alternate formalism which expresses the driving forces as functions

of diffusion potentials to the linear order only.

3.4.2 Linearized driving forces

An alternate description of the thermodynamic relationships can be obtained where cf"ﬁ (i, T)
and the driving force AU®?(u;, T') are presented as a Taylor series expansion to the linear order

term in diffusion potentials. For phase compositions, this is expressed as,

(67 QUk * ac?,lg *
{arf={asmpr |50 ] {15 = 15D} (3.57)
T
where, c¢; ef (T') represent the tie-line compositions about which the linearization is performed

at a particular temperature, corresponding to the reference diffusion potentials denoted by

i eq(T). It must be noted that we no longer distinguish between pf* and ] as they must
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be equal under conditions of local equilibrium at the interface separating the parent and the
product phases. This relationship is similar to the corresponding expression given by Eqs. 3.45
and 3.46 obtained from a parabolic approximation of driving forces in that only the first order
terms in departures in diffusion potentials u; appear in the expression.

The difference from a parabolic approximation to driving forces is apparent when we con-
sider the expression of the grand-potential densities. In a linearized description, they are also

expressed by a Taylor series expansion about the equilibrium diffusion potentials given by,

owes
Pl = g (T 4 Z { ' } {1 — 1 (1)} (3.58)
Opi ) s

=1 Hjeq

This leads to an expression of the driving force,

K-1

o o ove o’ .
AV = w—w =y - O (15 = 1iy(T))
i=1 g, () g,
K—1
1 * k *
= > {d @) = D {a = (T} (3.59)
M oi=1
where, we have employed the relation,
oves
’ Wi eq(T)
obtained by differentiating the expression ¥*# = fof8 — ZZ e *? to derive the second

equality in Eq. 3.59. The grand-potentials densities \I/a*(y,eq,T ) and WP*(p: T are equal to
each other due to the existence of an equilibrium corresponding to 1., (7") and hence drop off
from Eq. 3.59. Isothermal sections of the equilibrium phase diagram at any temperature (7°)

are obtained by setting,
AT = . (3.61)

This provides a relation between the K — 1 diffusion potentials, and for monotonic variations
of any K — 2 of them, the equilibrium compositions comprising the coexistence curves/planes
can be calculated.

The relationships given by Egs. 3.57 and 3.59 are complete, except for the dependence of
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[ieq o0 temperature (7') which needs to be specified. For the simulations in this thesis, we
will assume that the second derivatives of the free-energy w.r.t composition (i.e., the [Ou/dc]
matrix) to be invariant of temperature. This renders the matrices [800"6 / @,u} in Eq. 3.57 to
be constant. A point to note here is that a constancy of the [Ou/0c| matrices precludes the
possibility of simulating spinodal decomposition. But as the presented model has been mainly
developed for studying solidification, the concurrent modeling of spinodal decomposition in the
solid which is far from the solidification front by employing temperature dependent curvatures
of free energies, poses a couple of other challenges too. The first difficulty arises from the
fact that diffusivity in the solid is assumed to be negligibly small compared to that in the
liquid while modeling solidification. The introduction of finite solute diffusivities in the solid
to allow spinodal decomposition invalidates some of the mathematical constructs of the phase-
field model like the anti-trapping current, which are specifically derived to accurately model
the vanishing solute diffusivities in the solid compared to that in the liquid. A second source
of difficulty arises due to the diffusion potentials (x) being the independent variables in this
particular formulation, where the phase compositions are determined as functions of them. The
presence of a negative curvature in the variation of free-eenrgy as a function of composition
introduces non-uniqueness in the mapping from diffusion potentials to compositions.

In order to determine the change in p;,, with a change in temperature, we consider a vertical

section drawn parallel to the temperature axis which passes through the tie-line given by c?*”B *
at temperature T*. We compute the behavior of u;,, as a function of temperature in this

section, and restrict the influence to first order terms only, which is expressed as,

-y opg degey
; aCj dT

T*

At oq

3.62
g , (362)

T*

Q%

where the terms ﬁ determine the variation of the compositions c};, with 7" in the section

parallel to the temperature axis discussed above. The new equilibrium diffusion potentials at

temperature 7T', are now given by,

At oq

) (T =T, (3.63)

T*

Hieg (T) = Hieq (T7) +

The quantity [di; e,/dT] is calculated by considering only one of the two phases in equilibrium.
This is due to the same assumption regarding the collinearity of tie-line compositions at different

isothermal sections, as mentioned in the subsection on parabolic driving forces. By invoking
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this approximation, we can associate y; ., (T') computed by considering the properties of one of
sk, B
the coexistence surfaces to the other one as well. The variation of —21—

from the variation of the equilibrium compositions C?Z(’f ’

can be computed

with temperature, as derived in the

previous section, given by,

(T = 1%) (2, (T") = e, (7))

sk, Bx o a*,ﬁ* *
Cz‘,eq (T) - zeq (T ) ATfa”B ) (364>
which leads to,
dC-aﬂ ( Cie (T*) - cz e (T*))
veq a q ’ (365)

dT AT} o

where T™ is the temperature about which the linearization is performed. The quantities ATJ? B

are given by,
AT} = Zm”(wq )= (), (3.66)

with m$” as the slopes of the coexistence surfaces. For the simulations under non-isothermal

conditions, we make an additional approximation, that m$ = m , thereby, the properties of

the original tie-line about which the system is linearized is maintained, i.e., (cf vo(T) — ¢ (T )>

remains constant. With this, the driving force in Eq. 3.59 writes as,

1 * * a* >|< *
A7 = o (1) = T (s = g, (T)) (367

Thus, the phase compositions described by Eqs. 3.57, will be modified by including the de-

& on temperature as described by Eqs. 3.64 and due to p;,, (T') by

) eq’ i,eq

following Eq. 3.63. For isothermal simulations, the set of all equilibrium diffusion potentials

pendence of the ¢

Iieq are independent of temperature. Additionally, the last term in the brackets of Eq. 3.20 is

set to zero. For non-isothermal description, such as the simulations in a temperature gradient
GG, which is driven with a velocity V', the last term in this equation requires the terms N
which can be worked out as —GV'.

Since the departure of the diffusion potentials from their equilibrium values at the inter-
face are at leading order, functions of the interfacial curvature (through the Gibbs-Thomson

relationship), for most experimental situations where the microstructural length scales are in
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the order of microns, this deviation is small, and thereby the leading order term in the driving

force suffices. This is true even for the linearization of the compositions as functions of the

diffusion potentials, where again the linearization constant matrices L?—Z} are assumed to be
independent of temperature. In summary, all of the approximations are going to be reasonably
valid for small departures from equilibrium, for slow solidification conditions.

For faster solidification conditions involving smaller microstructural features, additional
higher order terms in (p; — fie,) need to be added to the driving force to model the real
behavior appropriately. The contributions of the higher order terms can be ascertained through
the magnitude of S—Z] , as well as from the length scales.

A point to note about the determination of [0c/0u] matrices in a thermodynamic description
involving linearized driving forces. The matrices [Opu/0c]™” are obtained by computing the
double derivatives of the free-energy w.r.t composition, by considering the free energies of the
phases to be given by an ideal solution model. The typical expression for the free energies of

the phases in such a model are given by,
K
RT
fob = 7 Zc‘i”ﬁ log ¢’ (3.68)
moi=1

whose double-derivative w.r.t. the composition leads to,

R | I
C C C C
, S B TR il
a @ RT a, (&N (&N Ol_ﬁ
[a—ﬂ - cf'f i’ | e , (3.69)
1 | Lo
S i’ i’y &

which is a (K — 1) x (K — 1) matrix corresponding to the (K — 1) independent components;
the K-th component is considered to be the solute. The [Ou/dc] matrix is evaluated at the

*“P* at temperature T* about which the thermodynamic functions are

tie-line compositions c;
linearized.
This concludes our discussion of the Grand-potential model alongside all the necessary

thermodynamic relationships which will be used in the following chapters.
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Chapter 4

Single phase growth in
multi-component alloys in the scaling

regime

In this chapter, we consider the steady-state growth of a product phase from a parent phase
in a multi-component alloy. The treatment is generically presented to be applicable to either
precipitation or single phase solidification, during the scaling regime. Though, in the following
discussion we refer to the second phase as precipitates, the discussion is equally applicable to the
growth of a solid nucleus into the liquid. We begin this chapter with the theoretical extension of
the Zener problem to multi-component alloys followed by validation with numerical simulation
methods (phase-field and sharp-interface (front tracking)) and end with a discussion of the

particular relevant limits operable at very low diffusivity ratios.

4.1 Theory: Local Equilibrium

In this section, we derive a unified theory of precipitate growth for all possible dimensions(i.e.,
planar, radial or spherical growth), where we solve the coupled problem of determining the
kinetically determined tie-line compositions as well as the growth coefficient characterizing the
parabolic growth regime for a generic multi-component alloy. In the following, we discuss two
cases, firstly a particular situation where the diffusion of each of the solutes occurs independently
or the diffusivity matrix is diagonal. Thereafter, we extend the derivation to the case of a
generic diffusivity matrix by choosing an appropriate basis set in the composition space whose

evolution can still be determined by a diagonal diffusivity matrix. Alongside all our following
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SCALING REGIME

discussions, we also additionally place the assumptions that the diffusivities are independent of
the composition, and further that the diffusion is one-sided that is the growth of the interface
is determined completely by the mass-diffusion in the matrix. In order to help the reader, we

present a complete list of symbols used in the analytical derivation in Table. 4.1.

K the no. of components
s concentration of i-th component in «
ciﬁ concentration of i-th component in 3
oy the linearization point of the concentration of i-th component in «
cf g; the linearization point of the concentration of i-th component in
Cireq concentration of i-th component in o at the interface in local equilibrium
cf eq concentration of i-th component in 3 at the interface in local equilibrium
e concentration of i-th component in the far-field
xorr location
Xy Or Ty location of the interface
t time

n x/\/tor r/\/t
s y/Vtor /vt

o interfacial energy

K curvature of the interface

Lbi diffusion potential of the i-th component
i eq the linearization point of diffusion potential of the i-th component
yes the Grand-potential density of the phases

D;; (i,j)-th component of the diffusivity matrix

d the number of dimensions

Table 4.1: The symbols used in the analytical derivation.

4.1.1 Independent solute diffusion

We begin with the analysis of the diffusional growth of a precipitate in a system displaying
independent diffusion of solutes, i.e., a diagonal diffusivity matrix.

The generic expression of the governing equation in the matrix as given by,

(5} (-3}

which is expressed in the vector-matrix notation, where {-} represents a vector and [-] represents

a matrix. The indices i and j iterate over all the (K — 1) solute components in a K component

system. The symbol d assumes a value representing the dimensionality of the problem, i.e.,
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d = 1,2, 3, for planar, cylindrical and spherical growth, respectively. The space coordinate is
represented by r; this appears to be an intuitive choice when we cast the diffusion equation in
cylindrical or spherical coordinates and invoke azimuthal and poloidal symmetries leading to
an expression involving only the radial axis given by r. The Stefan boundary condition at the

interface writes as,

, (4.2)

rf

v {C?jeq - Ciﬁ,eq} = —[Dy] {%}

with czf] as the equilibrium compositions at the interface for the matrix () and the precipitate

() and v being the velocity of the interface with its position being denoted by ry.

Under independent diffusion of solutes we can simplify Eq. 4.1,

oc; 1 0 oc;
i _ - p, L (parZh) 4.
ot rd=1"" 9y (T 87’) (4.3)

We perform a co-ordinate transformation, writing = r/+/¢. In these co-ordinates the governing

equations transform to,

n d—1 802- o 8201'
<2Dii * n ) on B on? (4.4)

while the Stefan-boundary condition at the interface reads,

(G| {5 4

Ns

where 7, = 1/ V't is the corresponding value at the interface, which is at a position ry at a
given time ¢. We have used, Ac; = <c§feq — cfeq).

Integrating Eq. 4.4 once, we derive,

(-l ()} w

where \;’s are integration constants. Using the Stefan’s conditions in Eq. 4.5, the value of the
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integration constants can be derived as,

d ACi

—1s
{)\Z} = 2 _ 2 ?
D;; exp s
i 4D“

where, since \;’s are independent of 7, the value of n, must be a constant for a given alloy

(4.7)

composition and is known as the growth constant. It must be noted that Ac; in Eq. 4.7 is not
known at this point and must be determined as part of the solution.

For cylindrical and spherical precipitate growth, the difference in compositions of the matrix
and the precipitate in local equilibrium at the interface (Ac;) and the equilibrium matrix and
precipitate compositions cﬁfl are functions of the particle radius (R) determined by the Gibbs-
Thomson correction. As a particular radius R can correspond to non-unique combinations of
ns and time ¢, consideration of curvature effects would compel an introduction of the time ¢ in
our formulation which precludes a solution corresponding to the scaling regime. Avoiding the
capillarity effects however admits a solution in the scaling regime. Thus, in our analysis, we
additionally assume that when the growth conditions reach the scaling regime the precipitate
sizes are large enough that the capillarity effects will be negligible and thus ignored in our
calculations.

Integrating Eq. 4.6 once again and invoking the boundary condition that the far-field com-
positions corresponding to n = oo are known as {¢°} and the compositions at the interface

B ey o o :
1 = 1, are the equilibrium compositions {cmq}, we derive,

€° — ey _ —n Ac; (48)
s pld=b) 4D;; 4D;;

The system of K — 1 equations represented by Eq. 4.8 can now be solved for the growth

constant 7,, and the equilibrium compositions in the matrix side ¢{',, with a prior knowledge of

1,eq
equilibrium tie-lines in the system that enables the precipitate compositions cf ¢q 10 be expressed
as functions of the matrix compositions ¢ The other technique, and the one which we

i,eq*
are going to employ, involves expressing the equilibrium compositions cg’f] as functions of the
diffusion potentials ;. This approach requires a knowledge of the behavior of the free energy
functions with change in compositions, which are readily available from various thermodynamic

databases, in contrast to the complete knowledge of all the equilibrium tie-lines in the system,
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for the former approach. The details of the solution procedure is presented through a discussion
of the system thermodynamics in the following section.

The converse problem of determining the bulk compositions which would equilibrate at a
given tie-line as functions of the growth constant 1, can be tackled directly by substituting for

of the composition profiles in the matrix (n > 7)) during the scaling regime. This can be seen

and 7, in Eq. 4.8, to determine ¢°. Furthermore, Eq. 4.8 can also allow the determination
by integrating Eq. 4.6 between the limits  and oo to obtain,

o 1 n?
S a—n P (_4D~) dn

o 1 7
fs 71 P <_4Dii) an

<
=

{ei(m)} = § & = (6 —cieg) (4.9)

)

4.1.2 Thermodynamics

For the solution to the complete problem of the equilibrium compositions of the precipitate
and the matrix as well as the growth coefficient representing the parabolic growth regime, one
needs to find additional (K-2) relations between the precipitate and matrix compositions.

In order to relate the equilibrium compositions in the precipitate and the matrix one of the
possibilities is to parameterize the information from two-phase region of the phase diagram. The
other possibility and the one which we adopt in this chapter is to encapsulate this information
by capturing the variation of each of the equilibrium compositions as functions of the diffusion
potentials, which being intensive variables are equal in the two phases at equilibrium. Thus, in
the place of solving 2(K-1) equilibrium compositions in the precipitate and the matrix, we will
now solve for just (K-1) diffusion potentials. The equilibrium and precipitate compositions can
in turn be determined from the diffusion potentials by inverting the functions p; (¢) which are
known for each phase once the free-energy expressions are described.

Additionally, local thermodynamic equilibrium at the interface also requires that along
with the equality of the diffusion potentials, the driving force at the interface also vanishes.
One of the ways to describe the driving forces at the interface is the difference of the grand-
potential densities at the interface which for a phase transformation from « to § writes as
AU = ¥ — VP where U® and ¥¥ are the individual grand-potential densities of the phases.
For our present studies, we utilize a linearized phase diagram around the compositions of
interest, which also allows for a simple coupling to thermodynamic databases. The driving
force, AWV is derived by linearly expanding the individual grand-potential densities in terms of

the departure of the diffusion potential (state variable of the grand-potential density) from a
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given equilibrium value p;, = { o 6q} as,

ower
O

U (u, T) = q;aﬁ(,,,eq,T)+{ } {1 = 1ieg} (4.10)
Hieq

and therefore, the leading order term in the driving force for the phase transformation a to

writes as,

1
quaﬁ = V_ { zeq zeq} {/Ll :u;,‘k,eq} : (411)

Thus, an equilibrium at a planar interface leads to,

AT =, (4.12)
which modifies around curved interfaces to,

AT = gp. (4.13)

The Egs. 4.12 and 4.13 relate the departure of diffusion potentials, as given by,

K-1
(:ul - MT,eq) = ( 8. a* Z ( jeq Jeq) (HJ] - /J’;,eq) ) (414)
P

G ,eq J

for growth by a planar interface, and

K-1 3% vk ok
ok — Zj:2 (cj eq cj,eq) (,u] Mj,eq)
B ’
(Cl eq Cl eq

for growth by the motion of a curved interface. The phase compositions as a function of the

(11 — 13 y) = (4.15)

chemical potential being linearly extrapolated from the chosen equilibrium points { c } writes

i,eq

as,

809%6

| ) (41

P

where the susceptibility matrix [ 3 ] is a term that can be also retrieved from the
Hj

*
'U“i,eq
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thermodynamic databases. Invoking the conditions for local equilibrium from Eqgs. 4.14 or
4.15 which relates one of the arbitrarily chosen diffusion potentials (11 — f11,¢,) to the rest of
the diffusion potentials, into the preceding equation, gives us the loci of all possible phase
compositions corresponding to local thermodynamic equilibrium either on a planar or curved
interface respectively. Fach of the possible equilibrium phase compositions will then correspond
to a unique set of ys.

Ignoring capillarity this relation for the set of equilibrium phase compositions thus writes

as,

K-1

P 1 9P
Op;  pj Om

{en}={ea} +

where p; = (& — A — ¢ ). Substituting Eq. 4.17 into Eq. 4.8, we obtain a set
p] l,eq

leg Jreq Jreq
of K — 1 equations which can be solved to determine (K — 2) p;’s and 7,. The knowledge of
76
ieq
composition in the matrix and the solute inter-diffusivities, we can analytically determine the
?ﬁ
e

having a planar as well as curved interface with the matrix, for any generic multi-component

] {1 = 15eg} (4.17)

i,eq

Jj=2

t;'s allows the determination of compositions c;, from Eq. 4.17. Thus, given a far-field alloy

tie-line compositions c;»’ and growth coefficient 7, during the growth of a precipitate phase

alloy.

4.1.3 Coupled diffusion of solutes

Generalizing, for the case of arbitrary diffusion matrices, we adopt the following transformation
strategy. Consider the governing equation describing planar growth with the diffusivity matrix
now containing off-diagonal components as well, as given by, Eq. 4.1. We assume the diffusivity

matrix to be constant and diagonalizable, as given by,
D =P 'DP, (4.18)

where D is the diagonalized diffusivity matrix, and P being a matrix whose column vectors are

the eigenvectors of D. Using Eq. 4.18 to substitute for D in Eq. 4.1 we obtain,

(3} o, 22}
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Defining,

Plc; =, (4.20)

ij

and multiplying Eq. 4.19 on both sides by P!, we obtain by invoking the constancy of the

matrix P~! (due to the constancy of the D matrix),

{aa?} - [D"j} {%}- (4.21)

The Stefan condition is also transformed accordingly, and by mapping the far-field compositions

to the space defined by the eigenvectors of D as R;lc;’o = 555, we can write an analog of Eq. 4.8

in the new coordinate system of the compositions as,

E;.g - C?e —nd /A—\/z
- e _ 277 G 1. (4.22)
[ — 1) ©XP <—n—N> dn D;; exp ( 175)
The closure conditions can also be derived accordingly where we substitute for @ by multi-

Z7eq

plying both sides of Eq. 4.17 by P~!. The resulting set of equations can then be solved for the
unknown p;’s and 7, like described in the case for independent diffusion of solutes.

In the next section we study the limiting cases to the full local equilibrium problem just
described, which become relevant as the differences in diffusivities of solutes increases to several
orders of magnitude. There are two such limiting conditions, corresponding to low and high

supersaturations, respectively, which are described in the next section.

4.2 Theory: Limiting cases to local equilibrium

Under circumstances where one or more of the solutes have diffusivities lower by several orders
of magnitude than the faster moving solute, we can invoke constraints described by Coates [19]
which serve as limiting situations to the complete local equilibrium problem. These constraints
usually concern the partitioning (attainment of different concentrations for different phases)
of the slower moving species between the parent and the product phases and there are two
different types which can be invoked depending upon whether the growth rate is slow or fast.
We discuss the procedure for computing the phase concentrations and growth constants for

each of the two limiting cases in the following subsections.
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4.2.1 Partition under local equilibrium (PLE)

Under conditions of slow growth corresponding to low supersaturations, the kinetics is deter-
mined by the partitioning of the slower moving species between the matrix and the precipitate
phases, as the faster moving species are partitioned almost instantly. Coates’ [19] realized this
situation as one where the faster moving species experience negligibly small driving forces for
diffusion, resulting in the growth rate to be controlled by the slower moving species. Denoting
the faster moving species by ’k’, the absence of a driving force for its diffusion for the case of
diagonal diffusivity matrix would be attained when the following condition is satisfied which

reads,
G =cy. (4.23)

Eq. 4.23 can be translated into an expression involving the diffusion potentials (y;) by employing
Eq. 4.16 to express cj. This allows us to express ji in terms of the other p;’s as,

ocs!

Q,k K-1 k *
(2" =) — D {37]] (1j = 1 eq)
« Hieq
e = H/k,e + (e
| ]
Opt Wi eq

(4.24)

Eq. 4.24 in conjunction with the existence of local equilibrium at the o — (8 interface given by
Eq. 4.14 reduces the number of unknown diffusion potentials to K —3. The lack of a driving force
for the diffusion of the faster moving species eliminates the corresponding diffusion equation.
We are thus left with K' — 2 equations to determine exactly K — 2 unknowns which are the
K — 3 diffusion potentials and the growth constant 7. This concept can be extended to a
situation where there are several species with diffusivities much lower than the rest. In that
case, we can write versions of Eq. 4.24 for all of the faster moving species and eliminate their
corresponding diffusion potentials. The resultant set of equations obtained by eliminating the

diffusion equations of the faster species, are enough to consistently solve for the unknowns.

4.2.2 Negligible partition under local equilibrium (NPLE)

During fast growth in highly supersaturated alloys, the concentration of the slower moving
species in the bulk is retained for the precipitate (negligible partitioning) while faster moving
species assume different concentrations in the precipitate and the matrix. A physical under-

standing of this situation [19] is that the driving force for the diffusion of the slower moving
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species is rendered infinite by the lack of partitioning, resulting in a thin spike in its concentra-
tion ahead of the interface in the . The presence of such sharp gradients in composition at the
interface precludes a solution of the concerned diffusion equation and the kinetics is given by
the diffusion of the faster moving species. The relevant constraint in this case which indicates

the lack of partitioning is given by,
=, (4.25)

where [ denotes the slow moving species. This condition coupled with Eq. 4.16 yields a similar

relationship between the diffusion potentials as seen in the case of PLE, given by,

o’
(F — ) - St 5
l l j#l 3,u]

My = Mzk,e +
! aclﬁ
O .

] (1 = 1 eq)

*
Fieq

(4.26)

1,eq

Eq. 4.26 when used in conjunction with the equation for local equilibrium in Eq. 4.14, leads to
a situation similar to PLE where K — 2 unknowns (K — 3 diffusion potentials and 7,) have to
be determined from K — 2 diffusion equations, but with the diffusion equation for the slower
moving species neglected instead of the faster moving ones for PLE. As described for the case
of PLE, this can also be extended to capture the situation corresponding to the presence of

several species whose diffusivities are orders of magnitude lower than the rest.

4.2.3 PLE and NPLE: Extension to coupled diffusion of solutes

We extend the limiting conditions to coupled solute diffusion [19],where for every slow moving
species (1), we write,
86,

E = DllV2Cl, (4'27)

as Dy >> Dy,. But for the faster moving species (k) the diffusion equation reads,

aCk
5 = Dy V2er + Z Dy, Vcj, (4.28)

J

where j iterates over all the slower moving species. The reason for the cross-terms appearing in

Eq. 4.28 is that gradients in compositions of the slower moving species in the matrix are large
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enough to offset the small values of the cross-diffusivities. So, in the PLE regime, the growth
kinetics being determined by the diffusion of the slower moving species, solution to the set of
equations in Eq. 4.27 which do not contain any coupled terms can be obtained in an identical
manner to the situation for independent diffusion of solutes. But for NPLE, the diffusion of
the faster species being the rate controlling step, the cross-diffusion terms are significant and
need to be incorporated. This can be understood for a ternary system where the component
1 is much faster than component 2. Diagonalizing the system of equations given by Eqs. 4.27
and 4.28 we obtain the eigenvalues to be Dy; and Dss. Thus, even in the diagonalized basis
one of the equations continue to represent the diffusion of the sluggish species and hence can
be neglected. The remaining equation represented by Eq. 4.22 is then solved for ny by mapping
the knowledge of the compositions at the interface in the matrix as determined by imposing the
conditions represented by Eq. 4.25 and Eq. 4.14. The crucial aspect of the solution process just
described is the emergence of Dy as one of the eigenvalues which allows us to disregard the
corresponding diffusion equation in the eigen-space of the diffusivity matrix citing the smallness
of Dyy. This observation holds true for generalization to multi-component alloys as well, where
in the eigen-space of the diffusivity matrix there should be as many equations representing
diffusion of sluggish species (linear combinations of original compositions), as there are in the
original representation for a solution to be obtained. This may not be possible always and we
have to obtain predictions under assumptions of diffusion of the faster species being negligibly
affected by the diffusion of the slower moving species.

This concludes our discussion of the analytical techniques for determining the tie-lines and
the scaling constants during single phase growth in a scaling regime in a multi-component alloy.
In the following section, we present a short description of the sharp-interface technique which
we employ to benchmark our theory along with the predictions from phase-field simulations.
The phase-field model employed for this purpose is the Grand-Potential model, with the driving
forces approximated as functions of departures from equilibrium diffusion potentials till the first
order term only. This choice of the thermodynamic relationships to be used in the phase-field
model is completely consistent with the ones invoked in our analytical theory. The detailed
description of the Grand-Potential model is presented in Chapter 3 alongside a discussion on
the thermodynamic relationships under the heading of “Linearized driving forces”. Before
proceeding to a discussion of our results we tabulate the parameters (see table 4.2) used in
phase-field simulations and the values of the different thermodynamic constants used in our

calculations. The phase-field simulation parameters are:

The choice of € and Ax is such that there are at least ten points describing the diffuse interface.
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o 1.0
€ 4.0
Az | 1.0
At | 0.01

Table 4.2: The phase-field simulation parameters

The value of the relaxation constants 7,3 are presented in the figure captions depending on the
respective diffusivity ratios that are used for the phase-field computations.
The non-dimensional dc/du thermodynamic parameter that is common to all calculations
is given by,
de _ [ 1.1548 0.0535 ] | (4.20)
Op | 0.0535 1.0025

0 0
which is calculated by inverting the {a—'u} matrix. The {a—u} matrix is determined by assuming
c c

the molar free energies of the matrix phase(a) to be given by,

K—1,K—1 K-1
Fo(c®) = > AN+ > B+ E° (4.30)
i=1,j=1,i<=j j=1
while that of the 3 phase is given by,
K—1,K—-1
FPe?y= Y Aldd. (4.31)
i=1,j=1,i<=j

For simplicity, we have taken the matrices A% and A” to be constant and equal to each other,

which are given by,
0.434049 —0.046327

—0.046327 0.5

AP = (4.32)

The constants B and E* are thereafter determined by enforcing the condition of equilibrium
between the v and the [ phases, at the desired equilibrium composition values. The constants
B$ are calculated by equating the diffusion potentials (u?’ﬁ = OF*f [dc;) of the two phases,
while £ is computed by equating the grand-potentials (¥®# = fof8 — Vim Z]K;ll pjc?"ﬂ) of the
two phases; f@% = F*#/V,, being the molar free energy densities. The molar volumes (V;,) of
the two phases are taken to be constants. For our choice of the thermodynamic tie-line given
by ¢ = ¢& = 0.1 and ¢}, = ¢, = 0.4, we compute, B® = 0.24653 and BS = 0.28610 and
E* = —0.13316. It must be mentioned, that the thermodynamic calculation just described to
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compute the [0u/0c], is completely independent of the thermodynamic relationships invoked

0
in our phase-field and analytical calculations. The matrix {a—ﬂ] computed in this manner is
c

inverted and introduced into the phase-field and analytical models as the only thermodynamic
parameter which appears in these calculations and is treated as a constant determined a-priors.
In the next section we review the Sharp-interface (front-tracking) technique which is employed

in addition to phase-field models to validate our theory numerically.

4.3 Sharp-interface model

The governing Eq. 4.1 can be solved numerically along with the boundary condition at the
interface given by Eq. 4.2 using an advective scheme where the motion of the interface is
accounted for by an equal and opposite advective term which brings the interface back to its
original place (this is a numerically effective way of treating the front tracking problem as
the interface cell remains invariant). Thereby, the interface stays stationary in this frame of

reference. The modified governing equations in the vector-matrix notation are written as,

b 0N 1 (0 (e
{ ot or } - opd-l Dy {87’ <7’ or ) } ’ (4.33)

where v is the instantaneous local velocity of the interface. The position of the interface is

marked by the interface cell, where the equilibrium compositions of the precipitate and the
matrix are specified. For a ternary system with B and C' as solutes, the gradients dcp ¢/0r are
written in discrete form using these compositions at the interface cell and the bulk compositions
on the matrix side, next to the interface. To compute the interfacial compositions, the pair
of equations in Eq. 4.2 are self-consistently solved for both the velocity and the equilibrium
chemical potentials jip ¢, ficeq at the interface. This requires that the composition functions
c%’% (1B, pe) as in Eq. 4.16 are known from thermodynamics along with the equilibrium relation
between the two chemical potentials, (g cq (fic,eq), including Gibbs-Thomson effect, for 2D as
can be seen in Eqs. 4.14 and 4.15.

Using these, the pair of equations in Eq. 4.2, can be transformed such that the unknowns
are the equilibrium chemical potential of a given component (¢ .,) and the velocity (v). Once
the chemical potential pc ¢, is known, the other chemical potential pp ., can also be fixed using
the thermodynamic relation between them and thereby also the individual phase compositions
at the interface, c%’% (1B, pe). The compositions are then utilized to compute the gradients

in the governing equations in Eq. 4.33 and thereby evolve the compositions cp ¢ in the matrix
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phase through one time-step, using also the velocity that is derived from the Stefan condi-
tion. The scaling regime can be identified by the constancy of 7, along with the constancy
of interfacial compositions during planar growth. The corresponding composition profiles can
then be compared with the theoretical analysis described in the chapter. This method, gives
a fast accurate benchmark in all three dimensions, in comparison to the more computationally

intensive method of phase field models.

4.4 Comparison with simulations

In this section, we present analytical predictions of dynamically determined tie-lines for dif-
ferent diffusivity matrices for a ternary alloy. Though, our calculations are generic to any
multi-component alloy we choose to present our calculations in the simplest setting of a multi-
component alloy. An important point to note here is that our analytical expressions are derived
for a system where the precipitate phase grows into a supersaturated matrix which is infinite in
extent. To ensure that our numerical calculations, in spite of being performed on finite systems,
are representative of infinite systems, necessitate a few modifications. Phase field calculations
are performed in a simulation box attached to the diffuse interface during planar growth, which
allows us to capture the scaling regime, otherwise impeded by the change in far-field composi-
tions at the system boundaries due to growth, while sharp interface calculations are performed
by expressing the governing equations in a reference frame attached to the interface. Thus,
both our numerical techniques are attuned to capture growth in an infinite system.

We begin with a study of the tie-lines and the growth constants selected with a smooth
variation in the far-field alloy composition along a thermodynamic tie-line with cg = ¢¢, in a
ternary alloy. The growth constants 7, varies smoothly as a function of the supersaturation
v = (¢ — %) /(5 — %) as presented in the Fig. 4.1. The higher growth rates observed for
higher dimensionalities of the precipitate at the same supersaturation in the matrix is a well-
known fact and can be physically interpreted as the ability of the precipitate to absorb (or
reject) solutes from a wider range of directions. Fig. 4.1 also highlights the lowering of the
growth rates for smaller diffusivities of one of the species, i.e., Doe = 0.5, which is another
important difference to the situation for an identical diffusivity matrix aside from the change in
tie-lines reported in Fig. 4.2. We compare our theoretical predictions with tie-line compositions
obtained from sharp interface calculations for two different diffusivity matrices and they are in
excellent agreement with each other.

In addition to the prediction of the tie-line compositions, we can also compute the composi-

tion profiles ahead of the interface in the supersaturated matrix as described in the theoretical
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Figure 4.1: Variation in 0, with v, for diagonal diffusivity matrices. The supersaturated matrix
compositions lie on a thermodynamic tie-line given by ¢ = ¢¢ = 0.1 and c% = cg = 0.4.
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Figure 4.2: The choice of tie-lines with change in supersaturation. Analytical predictions are
plotted against sharp interface calculations for (a) a diagonal diffusivity matrix with Dgg = 1.0,
DCC = 05, and (b) DBB = 10, DCC = DBC = DCB = 0.5.
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discussion. This is shown in Fig. 4.3 where we compare the composition profiles in the ma-
trix from analytical, phase-field and sharp interface calculations find them to be in excellent
agreement with each other. This also demonstrates that our analytical predictions are accurate
even when the solute diffusivities differ by an order of magnitude. We have performed such
comparisons of the composition profiles obtained from analytical calculations to that obtained

from phase-field simulations for radial growth as well and present them in Fig. 4.4.

0.7 Diffuse interface:cg 2 0.7 ' Diffuse interface:cg 2
06 | (a) Sharp interfacexcg o | 06 | (b) Sharp interface:cg o
. . _ Theory.cg — . ) _ Theory:cg —
- | Diffuse interfacé:cc v c | Diffuse interfacé:c; v
s 05 Sharp interface:cc o s 05 Sharp interface:.cd O
= Theory:cg - = Theory:cg -
o 04 o 047 1
g = g
g 03 g 03
Q Q
o 02 o 02
0.1 0.1
0 0
0 1 2 3 4 5 0 1 2 3 4 5
(X-Xg)/x¢ (X-Xg)/X
(a) (b)

Figure 4.3: Composition profiles in the matrix for ¢ = ¢ = 0.355, for (a) Dpp = 1.0, Doe =
0.1, DBC = DCB = 00, (b)DBB = 1'07DCC = 01, DBC = DCB = 0.1. The phase—ﬁeld
simulations employ the values of 7,5 given by (a)0.618888, and (b)0.569789. The far field
compositions are varied along the tie-line mentioned in the caption to Fig. 4.1.
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Figure 4.4: Composition profiles at a ¢ = 10000 with the far-field liquid compositions being
cg = 0.25 and ¢c = 0.25. The diffusivity matrix is the same as an identity matrix in (a),
while it is Dgp = 1.0 and Do = 0.1 with the off-diagonal entries zero for (b). The phase-field
simulation is performed on an 800 x 800 box with dz = dy = 1.0, dt = 0.01, with the same
maintained for sharp interface calculations as well.
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The influence of capillarity

The discussion until now has been in the spirit of the Zener type calculations, which neglects
the influence of capillarity in the calculations. It is true that incorporating capillarity would not
lead to a solution that allows growth following a scaling law. However, in physical situations
after a small transient growth regime, where the precipitates are small and the capillarity effects
are large, the precipitates soon become large enough and the Gibbs-Thomson effects have little
influence. The influence of capillarity can be understood by the following Figs. 4.5(a) and 4.5(b)
where we compare the selection of the scaling constants (1) as a function of the supersaturation
v from analytical and sharp interface calculations. The analytical calculations are performed
by neglecting the curvature effects while the sharp interface calculations include them. The
close agreement between the values of n, reflects that the effects of capillarity are limited to the
initial transients when the particle is small and it quickly approaches the scaling regime with
increase in size. The agreement between the two is better for smaller supersaturations while for
larger supersaturations the differences can be attributed to the larger initial transients where

the sharp interface solution deviates.

20 - - - 20 : . :
(a) . 1D e (b) . 1D omeeeeees
2D: No Gibbs-Thomson  -=-=---- 2D: No Gibbs-Thomson =-----=-
15 } 2D:sharp interface = [ 15 } 2D:sharp interface =
3D: No Gibbs-Thomson i

3D: No Gibbs-Thomson

Figure 4.5: Variation in 7, with v, for a 2D system with Gibbs-Thomson correction from sharp
interface calculations, for (a) Dpp = 1.0 and Do = 1.0, and (b) Dgp = 1.0 and Do = 0.1.
The other terms in the diffusivity matrix are zero. The results are presented in the context of
similar variations obtained for 1D as well as for 2D and 3D systems neglecting the influence of
capillarity.

The variation of tie-line compositions with time during radial growth, as obtained from sharp
interface calculations are compared against the corresponding from analytical predictions in
Fig. 4.6. The tie-line compositions from sharp interface calculations are modified by curvature
and hence deviate from the analytical predictions during initial stages of growth when the

particle radius is small (curvature is large). In order to differentiate between the shifts in tie-
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line compositions due to capillarity and solute diffusivity, we consider the case where the solute
diffusivities are equal and the analytical prediction of tie-line compositions remain unchanged
from the ones the far field composition belongs to. The tie-line predictions from sharp interface
calculations for such a system are presented in Fig. 4.6(a) where the differences from analytical
predictions can be solely attributed to capillarity. The deviations are along the same tie-line,
i,e., the cp/cc ratio of the analytically predicted tie-line compositions are reproduced by the
sharp interface predictions. Thus, for either the precipitate or the matrix, capillarity causes both
the cp and c¢ to go up equally to maintain cg/cc = 1, which is the same as the analytically
predicted tie-line. Also, an assumption of the equal dc/0u matrices for the precipitate and
the matrix phase lead to equal deviations from analytical predictions for both the matrix and
the precipitate. Thus, the effect of capillarity is to push the phase coexistence lines parallel
to themselves towards higher solute concentrations. However, for the case of unequal solutal
diffusivities presented in Fig. 4.6(b), the analytically predicted tie-lines are no longer given by
the tie-line the far field compositions belongs to. The effect of capillarity during the initial
transients in such a system is complicated. At the very early stages, capillarity dominates and
the tie-lines are pushed far towards the higher composition side as discussed in the case for equal
solute diffusivities, while the shifts in tie-line compositions due to the effects of the diffusivity
matrix are still small. With the growth of the particle, the curvature effects are attenuated
and the tie-lines slowly move towards the original coexistence lines. Concurrently, the diffusion
fluxes of the solutes exert an increasing influence on the tie-line selection causing it to move

towards the ones predicted analytically neglecting capillarity.

Limiting conditions to local equilibrium

The limiting conditions to the local equilibrium described by PLE and NPLE can be understood
by the bulk matrix compositions which would equilibrate to a given tie-line conditions for
different growth constants. From Fig. 4.7 we can see that with lowering of the diffusivity
ratios the series of bulk compositions corresponding to the same tie-line bows out farther from
the tie-line in question and approach the straight line segments calculated from the PLE and
NPLE approximations. The slope of the lines depicting the series of bulk alloy compositions

corresponding to a given diffusivity ratio in Fig. 4.7 can be computed by taking the derivative
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Figure 4.6: Variation of tie-line compositions with time, with the non-zero diffusivity com-
ponents being, (a)Dpp = Doc = 1, and (b) Dgp = 1, Doe = 0.1, during radial growth of
a precipitate with the far field matrix composition given by ¢y = cg = 0.25. The far field
compositions are varied along the tie-line mentioned in the caption to Fig. 4.1. The lines
plotted along side the data-points refer to the analytical calculations without incorporation of
capillarity (time is plotted in non-dimensional units).
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Figure 4.7: Bulk alloy compositions corresponding to different diffusivity ratios which equi-
librate to a given thermodynamic tie-line under local equilibrium at the interface. The de-
picted bulk compositions equilibrate to a tie-line given by: c% = 0.044935, c¢ = 0.147450,
? = 0.344935, ¢, = 0.447450.
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of Eq. 4.8 w.r.t the growth constant ns for d = 1. This can be written as,

s

Oc® _ _Ac [« erie <2\/ Dii>

o B 2 Dy _773
exp 1D,

Ns
9 erfc( )
775 778 2\/ DZZ ] (434)

+
VrD;; o 2D exp _773
4D;;

For ns — 0, applying erfc(0) — 1 and exp(0) — 1, we obtain from Eq. 4.34,

0c® Ac; [m
R s gy 4.
on 2\ Dy (4:35)

The above expression reveals that the rate of change in bulk composition in terms of any one

of the species with the growth constant is inversely proportional to its solute interdiffusivity
D;; while being directly proportional to the degree of partitioning of that species between the
matrix and the precipitate phases, Ac;. From Eq. 4.35 we can compute the slope at ny = 0, to

be,
8CO§ aCOBO 80000 DCC ACB
= =4/ _ 4.36
dcr  On, / ons Dpp Acc (436)

Thus, the slope is finite at infinitesimal supersaturations (v — 0, corresponding to which 7,’s

are infinitesimal) and is dependent on the ratio of the solute diffusivities and the ratio of the
degree of partitioning of each of the solutes at the interface.

It can be seen from Fig. 4.7 that the NPLE line serves as a tangent to the lines representing
the series of bulk alloy compositions corresponding to different diffusivity ratios at different
7s’s; the n,’s being determined by the diffusion of the faster species B. Specifically, higher the
diffusivity ratio, higher is the 7,, at which the NPLE line assumes tangency to it. In order to
quantify this phenomenon, we solve for the diffusivity of the slower moving species (the faster
moving species has a diffusivity Dgp = 1) which results in the bulk alloy composition of the

element C' to be the same as that in the precipitate. Thus, setting c¢¥ = cg, we solve for Do
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from Eq. 4.8 in order to obtain,

s
. erfc
! (2\/_DCC>_2 Dec

- ( —773) = o (4.37)

4DCC

Eq. 4.37 is solved iteratively starting from large initial guesses of D¢ of the order of magnitude
of 1 and the solution is terminated when the required tolerance levels are reached. This is done to
ensure that the largest value of Dee which leads to tangency with the NPLE line is identified for
a particular 7,. Another interesting feature of Eq. 4.37 is that it is independent of of Ac, which
ascribes a generality to the predictions of Eq. 4.37 by being valid across phase diagrams. In

Fig. 4.8 we present a variation of the diffusivity ratio against a normalized supersaturation in B

given by Vp = (COBO - C%,eq)/(cg,eq - C%,eq) = O5ﬁn8 erfc(nS/Q\/DBB)/(\/DBB eXp(_n§/4DBB))

(from Eq. 4.8 employing d = 1), as a change in this parameter is what determines the change

in growth constant 7, in the NPLE regime. In order to understand the selection of tie-lines

0.1

0.08 |
8 0.06 |
S 0.04

0.02 ¢

0.6 07 08 0.9 1
VB

Figure 4.8: The diffusivity ratio Deo/Dpp (with Dgg = 1) corresponding to which the line
containing the series of bulk alloy compositions intersect the NPLE line at a given vg. The
thermodynamic tie-line is chosen to be the same as mentioned in the caption to Fig. 4.7.

under PLE and NPLE at the interface, we refer to Fig. 4.9, where it is evident that the
variation of different tie-line compositions with the supersaturation in the matrix (lying on
the tie-line mentioned in the caption to Fig. 4.7) follows linear relationship. Furthermore,
Fig. 4.9 also reveals that the limiting conditions of PLE and NPLE are limited to well-defined
supersaturation regimes. This can be understood by referring to Fig. 4.10 where the PLE curve

diverges away from the one obtained for local equilibrium at higher matrix supersaturations,
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while the NPLE curve predicts growth only at higher supersaturations where it is also in

agreement with the predictions of growth constants from local equilibrium.
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Figure 4.9: Tie-lines as a function of ¥ which depicts that the predictions from local equilibrium
approaches the NPLE and PLE predictions as the diffusivity ratios become smaller and smaller.
The bulk compositions lie on the tie-line mentioned in the caption to Fig. 4.7.
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Figure 4.10: The variation of 7, with v for low diffusivity ratios under local equilibrium as well
as under PLE and NPLE approximations obtained by solving the same set of equations as done
for Fig. 4.9. The NPLE curve is obtained for a diffusivity of the faster species Dgg = 1.0. The
PLE curves are drawn for two different diffusivities of the slower moving species: Doe = 1le—02
and Dece = le — 03. The far field compositions lie on the tie-lines mentioned in the caption to
Fig. 4.7.

The tie-line compositions predicted by local equilibrium can be seen to approach the lines
given by the limiting conditions of PLE and NPLE with lowering of the diffusivity ratios in
Fig. 4.9.
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4.5 Summary

In summary, we use numerical simulation methods (phase field, sharp interface) and analyti-
cal calculations for the determination of phase equilibria in multi-component systems. There
are two developments worth highlighting. Firstly we present an extension of the classical
Zener problem for precipitate growth to a generic multi-component alloy. Here, in contrast
to Coates [17, 18, 19] and Bourne et al., [20], which are in particular for ternary systems, in
our work the expressions for the composition profiles and the selected tie-compositions, are
generalized for any multi-component alloy. This is made possible by basing our formulations
on the free energy expressions of phases rather than on the information about the co-existence
lines/surfaces as has been used in the work by Bourne et al., [20]. Furthermore, we also describe
a methodology to analytically calculate the tie-lines and growth velocities for the limiting con-
ditions, PLE and NPLE [19], to local equilibrium when the disparity in diffusivities between
the solutes are of several orders of magnitude. Our calculations are able to capture a clear
difference in the regimes defined by matrix supersaturations where either of these limiting con-
ditions are appropriate. The predictions of tie-lines and growth constants obtained by solving
the full local equilibrium problem can be seen to be approaching these limits with lowering of
the diffusivity ratios for both slow and rapid growth conditions.

Secondly, we validate a phase-field model based on a grand-potential formalism for simulat-
ing precipitate growth in a multi-component alloy. This validation sets up the model for more
complicated simulations of multi-particle growth and coarsening which are difficult to access an-
alytically. Additionally, the simple scheme of incorporating the thermodynamics for (both phase
field and sharp interface methods) is similar to previous work [23] where parabolic free-energy
extrapolations are used, while for the present chapter, we restrict ourselves to linearized driving
forces. The simplicity of the framework allows for easy extension to multi-component alloys for
more than three components and incorporation of information from thermodynamic databases.
However, the accuracy of the assumption of linearization, must be checked depending on the
deviations of phase equilibria from those around which the linearization is performed.

Although, as has been mentioned before in the introduction, experimental verification of the
numerical and theoretical work in this chapter is difficult on account of the small time interval
in which the scaling regime may obtain during the overall phase transformation. However,
one of the possibilities of direct experimental verification of the selection of the tie-lines and
velocities is by performing controlled diffusion couple experiments such as those performed
in ternary systems, e.g., Cu-Zn-Sn [201], Cu-Zn-Ni [202, 61, 203], Fe-Ni-Al [204, 205], Here

extraction of the composition profiles in the phases as well as the interface may be used as an
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input for validation of theoretical models. One of the challenges of course in such experiments
is to have pure diffusion controlled growth as routinely interfacial reactions cause the phase
transformations to become interface controlled.

A strong implication of our work is the need for accurate measurements/ determination
of diffusivity /mobility matrices without which results from numerical simulations become less
useful in the quantitative understanding of growth in multi-component systems. In particular,
the multi-valued nature of the interfacial compositions and its strong dependence on the kinetic
parameters in this systems has interesting consequences for phenomena like nucleation [206] and
coarsening [207, 208]. In addition, theories of morphological stability of an interface (Mullins-
Sekerka theory) [92, 6], lamellar and growth of other morphologies (primarily derived for binary
alloys) need to be modified in the context of the results in this chapter, which presents scope

for exciting work.
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Chapter 5

Diffusive instabilities during single

solid phase alloy solidification

In this chapter, we build upon our understanding of the diffusion fields ahead of the interface
during steady-state growth of a single phase in a multi-component alloy, and perform a linear
stability analysis of such a planar growth front during single phase solidification. We corroborate
our analytically predicted behavior of the interface against the predictions from phase-field
simulations. Furthermore, we probe the effects of solute interdiffusivities and planar front
growth velocities on the characteristic length scales of the instability.

We begin with a theoretical derivation of the rates of amplification of different wavelengths
of perturbation of the solid-liquid interface. Following this, we compare the predictions from
our linear stability analysis with those obtained from phase-field simulations. This validates
our theory, which we then use to predict the behavior of instability as functions of different

parameters, like those of the solute interdiffusivities.

5.1 Theory

In this section, we derive an analytical linear stability analysis of the diffusive instability of a
planar interface under two conditions. In the first, a) the planar interface is driven in a temper-
ature gradient of defined magnitude (G) with a velocity (V) and secondly, b) for solidification
in a uniform undercooled melt. While in a) the velocity of the interface is imposed, in b) the
system chooses a growth coefficient that linearly relates the square of the displacement of the
interface with time, depending upon the alloy composition and diffusivity matrices. We present

a description of all the symbols used in our analytical description in Table. 5.1.
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5. DIFFUSIVE INSTABILITIES DURING SINGLE SOLID PHASE ALLOY
SOLIDIFICATION

K the no. of components
C; concentration of i-th component in liquid
J concentration of i-th component in liquid
ved at a planar interface in local equilibrium
. concentration of i-th component in liquid
i at a perturbed interface in local equilibrium
k; partition coefficient
G.; | concentration gradient of the i-th component in the liquid at the interface
G imposed thermal gradient
m! liquidus slopes
x

coordinate along the interface

p coordinate normal to the interface
along the direction of growth

the position of the planar solidification front

n 2/Vt

UB Zf / \ﬁ

t

time

T melting temperature across the planar interface

Ty reference temperature for the imposed temperature gradient

o interfacial energy

r Gibbs-Thomson coefficient

K curvature of the interface

Lbi diffusion potential of the i-th component
i eq the linearization point of diffusion potential of the i-th component
yhs the Grand-potential density of the phases
D-

i (i,j)-th component of the diffusivity matrix
wave-number of the perturbation
amplitude of the perturbation
rate of change of amplitude of the perturbation
velocity of the planar solidification front
) velocity of the perturbed interface

Table 5.1: The symbols used in the analytical derivation.
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5.1.1 Directional solidification
Steady state

We begin with steady-state (planar front) solidification of a K component alloy. The K — 1
independent components have no diffusional interaction (i.e., the diffusivity matrix is diagonal;
the general case is treated later) in the liquid, while there is no diffusion in the solid. The
governing equation in a frame attached to the interface growing at a velocity V writes as,

82@ (902-

5 + V- =0, (5.1)

D —
0z

where ¢; denotes the concentration and D;; the diffusivity of the ¢’th component in the liquid,
with ¢ = 1,2,3,..., K — 1. z is the direction normal to the solid-liquid interface (located at
z = 0). Consideration of uncoupled diffusion of solutes enables us to present the following
discussion in terms of a generic component ¢, which stands for all the components in a system.

Eq. 5.1 has a solution whereby the solid grows with a composition that is the same as the
liquid composition. This can be easily obtained by integrating the Eq. 5.1 twice and respectively

applying the boundary conditions at the interface,

ac;
(1= ki) =—Dy—| =-DyG., 2
VCz,eq( Z) g 82 » ZzGc,za (5 )

which is the Stefan boundary condition at a solid-liquid interface moving with velocity V', with
G.,; as the compositional gradient in ¢; at the planar interface and k; as the equilibrium partition
coefficient corresponding to the selected tie-line; the other boundary condition being that of
the equilibrium compositions at the interface,

ci=c,, atz=0. (5.3)

i,eq)
The resultant form of the equation (after the second integration) admits a solution only when
the far-field liquid composition is the same as the solid composition. Thereby, the composition

l
i,eq

of the liquid ¢; _, as well as the temperature of the interface can be determined uniquely, given
the starting alloy composition (far-field liquid composition). This completes the solution to

Eq. 5.1 as given by,

GeiDj; —Vz
1 c,itii
Ci = Cioq T v [1 — exp < o) )] . (5.4)

i
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Linear stability analysis

The steady-state solidification described above is now modified by introducing a sinusoidal

perturbation given by,
z=® = §(t) sinwrz, (5.5)

with = being one of the directions parallel to the unperturbed interface (normal to z). Despite §
being a function of time (¢), a stability criterion derivable from the steady state solution will not
differ appreciably from that obtained by solving the time dependent problem [28, 92] (quasi-
stationary approximation [209]), which leads to the following governing differential equation
describing a system with interfacial perturbations,

¢ ¢ Jc;

ry) +D +V =0, (5.6)

D Y
0x? 0z

where the modified composition field of any generic component ¢, under interfacial perturbation
is denoted by ¢;. The form of the solution to Eq. 5.6 is obtained by adding a term to the steady-
state solution given by Eq. 5.4, which represents a sinusoidal variation in the composition fields
in response to the interfacial perturbation of a similar character. It must be taken into account
that such an effect diminishes in magnitude with distance from the interface, leading to the

following expression,

¢ = ¢ + E;jsinwr exp (—kff)z)

=c + GoDi 1 —ex —Vz
- “i,eq V p DZZ

+ E;sinwz exp (—k(i)z) , (5.7)

w

where £ and E; are constants. The constant kS is determined by the requirement that the

composition profile given by Eq. 5.7 satisfies the governing Eq. 5.6, resulting in a quadratic

‘ 1% V2
() — 2
0= gy () e 59

The compositions in the liquid at the perturbed interface are no longer given by the equilibrium

equation in % ), which yields,

tie-lines considered during steady-state growth because of the Gibbs-Thomson correction. The

composition deviations conform to the interfacial curvature, which is approximated by the
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second derivative of z with respect to x from Eq. 5.5 and can be seen to be of the same form as
the perturbation itself. Thus, the composition in the liquid at the perturbed interface is given
by,

L4 bidsinwa, (5.9)

C@CI) = Ci,eq

where b; is a constant. Evaluating the solution to the perturbed problem given by Eq. 5.7 at

the perturbed interface (see Eq. 5.5), we retrieve,
Cip N Cé,eq + (G0 + E;) sinwz, (5.10)

where we have retained terms proportional to the first order in the perturbation, ®. Separately
comparing the Fourier coefficients and the leading order constant from Eq. 5.9 and Eq. 5.10,

we derive,
E;, =46(b; —G.). (5.11)

Eq. 5.11 is only a reformulation of E; in terms of b;, which are still unknown. The b;’s (b,
by, -+, bp_1) are related to each other through the fact that each of the composition fields
(¢;) satisfies the Stefan condition at the perturbed interface, moving at a velocity (v(x)). This
implies that the same amplification factor (4/§) must be obtained by considering the diffusion
field of any one of the components. The expression for the Stefan condition at the perturbed

interface is given by,

v(z) = (V + 5sinwx) cio(1—k)

oc;
P (5.12)
z=0 sinwzx
where § is dé /dt. The above equation can be re-expressed as,
: —D;;  0Oc
V + dsi ) - 5.13
< + dsinwx oo (= F) 02 N ( )
From Eq. 5.9,
I 1
e ., (1 + —P-§sin cm)
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1 bi .
N (1 - 1—581nwx) , (5.14)

Cieq Cieq

where, we have limited ourselves to terms linear in §. Employing Eq. 5.11 in the expression

obtained by differentiating Eq. 5.7 with respect to z, we derive,

¢ Vo sinwz
— G, (12t
82 ’ ( D” )
z=0 sinwzx
— kW E; sinwz(1 — kY6 sinwz)
~Gei— (%—ZV + kD (b, — Gc,i)) dsinwz, (5.15)

by limiting ourselves to terms linear in §. Equating the Fourier coefficients from both sides of
Eq. 5.13, we get,

) b 1 ([ .V
VO ==+ — [ @ — 1
’ m[ G+w( D)] (5.16)
where,
~ - V
G=kY— —(1-k). (5.17)

(22

Invoking the fact that & /4 is a quantity unique to the system as a whole regardless of the choice
of the component (i.e., 7) in Eq. 5.16, leads to K — 2 relations inter-relating the b;’s (b1, bs,
-+« br_1). To express all b;’s (i # 1) in terms of by, we equate the algebraic expressions for ) /6

corresponding to each component, which writes as,

b, 1 - Vv
A P — (@ — =
Ve [ Ge,i " Wi ( v Du)}
Vv

N by 1
Vi |- — (&P — =— 5.18
w1 |: G,c71 + o ( w D11>:| ’ ( )
that leads to,
Gei | b — , V V
by = —= kO — S —— 1
CUZ' [Gc,lwl + < « .D“) ( “ D11 (5 9)

Now, using Eq. 5.19, the question of determining b; corresponding to all the K — 1 components

is reduced to the problem of determining b; only. This is achieved by writing down the modified
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equilibrium temperature as a result of the perturbation, which reads,
T+ Y mibidsinwr — (Th + G (2 + Z) = V)
=TI'x = I'éw? sinwe, (5.20)

where I is the Gibbs-Thomson coefficient of the solid-liquid interface, x is the local curvature,
ml’s are the respective liquidus slopes, T}, is the melting temperature of the liquid in equilibrium
with the solid at the unperturbed interface at Z in the laboratory frame of reference and T} is an
arbitrary reference temperature for the linear temperature gradient. Substituting, z =  sinwz,
expanding ¢; ¢, as in Eq. 5.9 and comparing terms proportional to sin wz we derive the condition

for the b;’s as,

G+Tw? => mib;, (5.21)
while T,,, = T, + G (Z — V't), is the other leading order term.

5.1.2 Isothermal solidification

In this section, we extend the linear stability analysis for the case of isothermal solidification.
For this situation, there is no steady-state solution akin to what we used in the previous situation

for the case of composition profiles in the liquid ahead of the solidification front.

The planar interface problem

The solution to the planar problem follows the classical Zener [2], Frank [52] analysis of binary
alloys, where the interface position zy w.r.t its starting position at z, varies as Vt, such that
(zf — 20)2 = n°t, ns being the characteristic growth constant. Without going to the complete
solution to the problem (which is present elsewhere [5]), we will present the major results here.

The composition profiles in the liquid write as,

o[ Ew—g | .

20/Ds

where 7, is the growth coefficient uniquely defined given the alloy composition and the diffusivity

matrix, while for any other position in the liquid, the co-ordinate z can be transformed as
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n=(2—2)/Vt
The value of 7, is determined by solving the following set of non-linear equations (one each

for every component),

| s
l \/_7?775ACZ erfc <2\/D_“>

Ci (OO) = Ci,eq - 2 _772 )
D, :
VDrew ()
(5.23)
where A¢; = ¢, — ¢, and ¢; (00) is the far-field composition in the liquid. The number of

equations pertaining to the different components are sufficient to determine not only the growth
l,s

coefficient, but also the equilibrium compositions, ¢;,.

This requires that we also invoke the
condition of local thermodynamic equilibrium that allows us to determine the relation between
the equilibrium solid and liquid compositions at the interface.

It must be noted that in contrast to the classical Zener [2], Frank [52] problem for binary
alloys which delivers only the solution of the growth coefficient from the preceding relation, for a
multi-component system, both the equilibrium compositions as well as the growth coefficient can
be determined from the boundary conditions. This implicitly also states that the equilibrium
compositions that are selected are a function of not only the inherent thermodynamics but also

of the diffusivity matrix.

Linear stability analysis

In order to perform the linear stability analysis, we perform an approximation of the planar
problem. Here we choose to perturb the planar state at a given time ¢, such that the relative
change in velocity when the perturbation is analyzed, is small compared to the rate of evolution
of that perturbation, and thereby in the time-scale where the linear perturbation analysis is
being performed, we assume that the velocity is constant. As a corollary of this assumption,
we in addition approximate the composition profiles of the planar problem by the expressions

in Eqs. 5.4, where now the equilibrium solutions ¢! are determined using the equations in

e
the previous subsection. As a comparison, we presen: the composition profiles that represent
the exact solution and that determined from the approximation for the state when the velocity
of the interface is V, in Fig. 5.1. We see that near to the interface, the diffusion length is
well represented by the approximate composition profiles determined by Eqs. 5.4, which is the

principal region determining the behavior of a perturbed solid-liquid interface in the linear
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regime. The same can be seen by expanding the error function in Eq. 5.22 until the linear term

. . . . . V Ac;
in 77, whereby the leading order composition at the interface writes as ¢; = Cé,eq o)) (2 — 24),
ii

or ¢; = c

ieq T Geiz, when z; is zero in the moving co-ordinate system, which is the same as

that obtained from Eqs. 5.4, for small z.

With these assumptions thereby, the perturbation analysis follows in the same manner as
described in the section on directional solidification. However, there is now a difference in the
Gibbs-Thomson condition deriving the closure condition in Eq. 5.20, which for the present case
is determined using the properties of the free-energy expressions of the liquid phase. The Gibbs-
Thomson condition is derived by equating the thermodynamic driving force at the interface to
the capillary force. The thermodynamic driving force at leading order is written in terms of the

departure of the diffusion potentials y; from their equilibrium value p; ¢4, i.e., the driving force

1
AV = v > i (i — Hieq) (Cf,eq — céeq). The composition deviations dc; in the liquid resulting in
the appropriate changes in the diffusion potential can additionally be related using the second

R
; a—mécj. Thus, the Gibbs-Thomson condition,
€
AVY = oK, (0 is the surface tension of the solid-liquid interface, and & its curvature) in terms

derivatives of the free energy as, p1; — flieqg = Y

of the departure of the equilibrium compositions of the liquid at the interface writes as,

K-1K-1
1 a:ul l s l
_m a_cj(cj@ - Cj,eq)(ci,eq - Ci,eq) =
i=1 j=1
K-1K—-1
1 oL
A 8_?(%6 sinwr)(c; ., — cé’eq) =0k
moi=1 j=1

= 0w’ sinwx, (5.24)

where we have used Eq. 5.9 to obtain the second equality, with V,, being the molar volume
which is assumed to be constant for all the components. The preceding equation is solved
along with Eq.5.19 to determine all the b;’s representing the amplitude of perturbation of the
interfacial composition of each component. Thereafter, the rate of growth of the perturbation

are derived using Eq. 5.16.

5.1.3 Generalization to off-diagonal diffusivity matrices

In this final section on the theoretical linear stability analysis under directional solidification
and isothermal conditions, we generalize our results for the case of a general diffusivity matrix

with off-diagonal entries. For this, we make the assumption that the diffusivity matrices are
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Figure 5.1: Plots showing comparisons of the composition profiles ahead of the growing interface
as predicted by the error function solution in Eq. 5.22 (shown by lines) and the exponential
solution in Eq. 5.4 (shown by points) for (a)ca, (b)cp and (¢)ce.
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diagonalizable. With this, let there exist a diagonalizing matrix P such that a diagonal matrix
D = P 'DP can be formulated, where P has its column vectors as the eigenvectors of the

original diffusivity matrix D. Following this, the governing equations in Eq. 5.1 can be written

Pl { St - -v{5) (5.5

For this present discussion, we assume that the diffusivity matrices are not dependent on the

down,

composition, and thereby the diagonalizing matrix P is invariant with composition. Therefore,
formulating a composition {C;} = [P;l} {¢;}, and multiplying the preceding equation with

P~! on both sides, we derive a diagonalized set of equations, in C;, as,

2 8201 801
[D]{ 922 } = —V{ o } (5.26)
Zeq/ ieq- Lhereafter, the

Stefan conditions in Eq. 5.2 can also be transformed accordingly. Following this, the entire

Additionally, the partition coefficients K; are transformed as K; =

stability analysis can be performed in the transformed co-ordinates C; and K;, until the point
where the closure conditions defined by Eqgs. 5.20 and 5.24 are derived. Since, the equilibrium
conditions are derived using the original composition space, the transformed compositions need
to be accordingly modified with the transformation matrix before the Gibbs-Thomson condi-
tions are written down. The modified closure conditions for the directional solidification derives

G+ Tw? = [my][P] {b;}, (5.27)

while the same for the case of isothermal solidification, writes as,

K-1K-1K-1

1 3,ul
Z Z o, (Pjibd sinwz)(c; eq cé’eq)

Vin i=1 j=1 I=1

.

= ok = odw?sin wz. (5.28)

With these modifications, the growth rates of the perturbations derived in Eqs. 5.16 hold true
for any generic diffusivity matrix.
This completes our analytical derivations. In the following section, we report a compar-

ison between our theoretical predictions and the ones obtained from phase-field simulations.
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We invoke a Grand-Potential model for performing all our phase-field calculations, which is
described in detail in Chapter 3. We also invoke thermodynamic relationships, like those of
phase compositions as functions of diffusion potentials and that of the driving forces for phase
transformation, which are functions of the departures of diffusion potentials to the linear order.
These thermodynamic relationships are explained in detail in Chapter 3 in the section titled

“Thermodynamics” under the heading “Linearized driving forces”.

5.2 Results

In this section, our aim is to compare our analytical results with measurements from phase-
field simulations. For this, we set out in the same manner as before, where we first perform

simulations in a directional solidification setting, followed by the case of isothermal growth.

5.2.1 Thermodynamic properties

To begin, we choose to mimic the thermodynamic properties of a technically relevant Hf-Re-Al-
Ni quaternary alloy (super-alloy) for which a thermodynamic database (Thermotech Ni-based
Superalloys Database (TTNI8)) is available. However, our thermodynamic construction will
only ensure that the composition and the liquidus slopes are reproduced, while the attributes
of the free-energies (second-derivatives of the free-energy) of the solid and liquid phases, is
assumed to follow a ideal solution model. While discussing our key observations, we will adhere
to the generic representation of solutes by A, B and C, with D denoting the solvent in order to
remain consistent with our theoretical expressions and discussion of the phase field modelling
technique. Thus, for all practical purposes in the discussion that follows, A, B, C and D stand
for Hf, Re, Al and Ni respectively.

The equilibrium compositions and the liquidus slopes (in K/mol-frac) derived from the
database at 1689K are presented in the Table. 5.2. The dc/0p matrices are derived by assuming

that the contribution to the second derivatives of the free-energy expressions arise from the ideal

T*
> cilng.

Assuming, D to be the solvent we compute du/dc = 9% f/0c? as,

solution contribution term:

11 il
* CA cp cp cD
Op _BRTZ W™=, 47, 7 (5.29)
ac V cp cB cp cp ’
" 1 1 1 1
cp cp co cp
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Table 5.2: Table depicting all the material parameters

¢ | 0.000556
¢ | 0.023831
¢, | 0.177447
d, | 0.0032
s 1 0.0092
| 0.1969

bl —1948.11
bs 1 2358.33
mh | —649.59

where ¢cp = 1.0 — ¢4 — cg — ¢¢. On substituting the equilibrium values of the components for

a particular phase in Eq. 5.29, and inverting the resultant matrix, we get,

o Vi
o RT*
oct Vi
o RT*

[ 0.000555

—0.000013

—0.000013  0.023264

| —0.000099 —0.004229

0.00319  —0.000029
—0.000029  0.009115

| —0.00063 —0.001811

5.2.2 Non-dimensionalization

—0.000099 |

—0.004229

0.145959 |

—0.00063 |

—0.001811
0.15813

(5.30)

(5.31)

In this study, all calculations are performed in a non-dimensionalized form. The non-dimensional

numbers can be converted back to their dimensional forms for any system, using the following

definitions of length (I*), time (¢*) and energy scales (f*), determined by the dimensional values

of the parameters for that particular system,

. RT*
f - Vm )
o*
=",
f‘*
l*2
=
[Dy;]

(5.32)

(5.33)

(5.34)

For this alloy we have used the following values for V,, = 10.0 1075 m3/mol and the scale of

diffusivity is ([D;;]") as 1.0 107° m?/s. Additionally, we have chosen the second-derivatives
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Ax, Ay 2.0
At 0.08
o 0.2
€ 8.0
G 0.0000005
%4 0.02

Table 5.3: Table depicting all the simulation parameters

of the free-energies w.r.t composition to be invariant with temperature, and the values are
calculated using T* = 1689K, and the surface tension o* = 1.0J/m?.

5.2.3 Comparison between theory and phase-field simulations
Directional solidification

We begin our discussion with a comparison of the dispersion plot ((5 /& versus w) obtained
from phase-field simulation against the one predicted by our analytical theory in Fig. 5.2.
The non-dimensional values of the parameters controlling the interfacial energy and width in
our phase-field simulations are mentioned in Table. 5.3 alongside the other relevant simulation
parameters.

For setting up the phase-field simulations for comparison to the analytical calculations, it is
essential to initialize the system very close to the assumptions that are inherent in the analysis.
As discussed before, for this condition of solidification, a steady state exists when the solid
composition grows with the same composition as that of the far-field liquid. Therefore, in
order to initialize the steady-state profile of the composition variation in the liquid ahead of
the solid-liquid interface, we first compute the liquid compositions cieq and the temperature
T;n: that is in equilibrium with the composition of the solid. Thereafter, the steady-state
composition profiles are computed using Eq. 5.4 for a given velocity V' at which the solid-liquid
interface is driven. Thereafter, the planar interface is perturbed using a cosine function with
a wavelength that is twice the dimension of the simulation box and amplitude that is equal
to half the interface width of the equilibrium phase-field profile. The temperature gradient in
the simulation is initialized such that the temperature at the interface is T},;, at the start of
the simulation. No-flux boundary conditions are assumed for all boundaries, and thereby, we
effectively simulate only half the wavelength that is considered for investigation. For all the
simulations with a temperature gradient we use a thermal gradient (G) and pulling velocity V'

mentioned in Table. 5.3 (all in non-dimensional units). The Gibbs-Thomson coefficient comes
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Figure 5.2: ) /§ versus w from phase-field and theoretical calculations. The growth rates of

2w
the perturbation are scaled with Vw4, while the w is scaled with w4, where w4 = S

Amaz Deing the maximally growing wavelength (in the phase-field simulation). In the legenﬁﬁs
the titles T : stands for 'Theoretical’, while S : stands for ’Simulation’. The three numbers
following T" and S in the legends represent the values of D44, Dpp and Dge, respectively.

out to I' = 0.1614.

Fig.5.2 represents the simulations performed for two diagonal diffusivity matrices, the first
with a diffusivity matrix having all identical entries Dy4 = Dgp = Dce = 2.0, and the second
for Das =2.0,Dgp = 1.0, Dee = 2.0.

The graph depicts an excellent agreement between the analysis and simulations !. Also, we
see a small difference in the behavior of the instability with a different choice of the diffusivity
matrix. A more elaborate discussion of the influence of the different parameters will follow

later.

Isothermal solidification

Following the comparison in the directional solidification setting, we present here the case of
solidification under isothermal conditions. As we have seen, the planar composition profiles in
the directional and isothermal settings are different. For setting up the phase-field simulations

for comparison to the analytical calculations, it is essential to initialize the system very close

Tt must be mentioned at this point that simulations performed for studying the dispersion behavior are
restricted to modes w >= 0.0022 and w >= 0.0093 for isothermal and directional solidification, respectively.
This is necessitated by an observed tendency of the system to select wavelengths smaller than what the system
is initialized with (observed only for small values of w), as we simulate longer in time.
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Az, Ay | 4.0
At 0.25
o 0.1
€ 16.0

Table 5.4: Table depicting all the material parameters

to the assumptions that are inherent in the analysis. Therefore, we start from the phase-field
simulation of a planar growth front in a supersaturated liquid and let the diffusion potential
and phase-field profiles develop well into the scaling regime (where (z; — z)? scales linearly
with time, z¢ being the interface position and 2y the initial position, with a defined constant of

proportionality 7).

We then choose a state in this regime (time t) where the rate of change of velocity = —4;}38/2
RN _ ) 14V .
(where V' = 77_) is much smaller compared to V' (for our simulations ’—— is around
2/t V dt

1.0 1078). This ensures that the assumption in the analytical calculations of the change of the
velocity being very small during the consideration of linear stability analysis is valid for the
phase-field simulations.

The equilibria, along with the planar front velocity (V') recorded from the plane front solid-
ification simulation, are utilized to compute the composition gradients of different components
at the interface (G.;), all of which appear in the theoretical calculation of the dispersion curve.
This ensures a uniformity in the parameters used across phase field simulations and analytical
calculations.

Thereafter, the 1D composition and phase-field profiles in the liquid are perturbed with
prescribed wavelengths defined by the width of the simulation domain similar to the directional
solidification set up.

As a first case, we first compare the phase-field simulations (for parameters mentioned in
Table. 5.4), performed for the diagonal diffusivity matrix with equal diffusivities for all the
components, Das = Dgp = Dcc = 1.0 (see Fig. 5.3). Again, we derive an excellent match
between the phase-field simulations and analytical calculations.

An additional complexity that is present for the case of isothermal simulations in contrast
to directional solidification conditions, is that the compositions of the solid and the liquid
at the interface are functions of not only the alloy compositions, but also of the diffusivity
matrices as we have briefly described in the analytical section (further details can also be viewed
elsewhere [5]). Thereby, the influence of diffusivities is not merely to change the diffusion lengths

pertaining to each component as in the case of directional solidification, but also to modify the
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Figure 5.3: B /9 versus w from phase-field and theoretical calculations. The diffusivity matrix
is diagonal with D4 = Dgp = Dcc = 1.0. The bulk liquid composition chosen for this study
is: ¢4 = 0.0018, cp = 0.0165, cc = 0.1872.

equilibrium compositions themselves. Thus, in the following three figures, we compare our
phase-field simulations for different choices of the diffusivity matrix for the same given alloy
composition.

In Fig. 5.4, we present three systems with different combinations of Dgp and Dee while

D a4 is held constant. In Fig. 5.5, we study the dispersion relations by maintaining Dgg = 1.0

1.5

1t

05

0

818V )

05 theory:Dgg=0.5 Dg=0.5 —— N
simulation:Dgg=0.5 Dgc=0.5 A \r,
theory:Dgg=0.8 Dgc=0.5 =mvm N
simulation:Dgg=0.8 Dcc=0.5 O
theory:Dgg=0.5 Dc=0.8 - \},
simula.tion:DBB=o_5.DCC=0_8 o . Y

0 0.5 1 1.5 2 25
/o

-1 F

-1.5

max

Figure 5.4: 0 /8 versus w from phase-field and theoretical calculations. The diffusivity matrix
is diagonal with D44 = 1.0 with the other diagonal components being mentioned in the figure
legend. The bulk liquid composition chosen here is the same as in Fig. 5.3.

for three systems with different combinations of Da4 and Do (lower than Dpp).
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Figure 5.5: & /9 versus w from phase-field and theoretical calculations. The diffusivity matrix
is diagonal with Dgp = 1.0 with the other diagonal components being mentioned in the figure
legend. The bulk liquid composition chosen here is the same as in Fig. 5.3.

Subsequently, we investigate the situation where we fix Do = 1.0 and vary Daa and Dpgp
(as shown in Fig. 5.6). While for the variations exhibited in Fig. 5.4 and Fig. 5.5, the differences
w.r.t the change in the diffusivities do not bring about a marked difference in the curves, for
the case of Fig. 5.6, a higher value of Dgp results in a change in the nature of the dispersion
curve. This is related to the chosen thermodynamics of this alloy, where several factors such
as selection of the tie-lines, amplitudes of the perturbation in the interfacial compositions b;,
as well as the effective Gibbs-Thomson coefficients are non-trivially related to the diffusivity

matrix and thereby the properties of the dispersion curve.

5.2.4 Generic diffusivity matrix: off-diagonal terms in the diffusivity

matrix

Till now, we have derived excellent comparison between the phase-field simulations and the an-
alytical calculations for different choices of diagonal diffusivity matrices under both isothermal
and directional solidification conditions.

As a final subsection on the comparison with our analytical calculations with phase-field
simulations, we consider an arbitrary diffusivity matrix with off-diagonal entries. For this, we
choose the isothermal setting where Fig.5.7 displays the dispersion curves for different possi-
bilities of the diffusivity matrix. Here again, we achieve a reasonably good match between the
simulations and analytical calculations. A slightly higher error is present for the case where the

diffusivity matrix entries D¢ and D¢y differ from 1.0, this is because of the choice of a larger
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Figure 5.6: B /9 versus w from phase-field and theoretical calculations. The diffusivity matrix
is diagonal with Dce = 1.0 with the other diagonal components being mentioned in the figure
legend. The bulk liquid composition chosen here is the same as in Fig. 5.3.

velocity (and thereby a larger change in velocity during the time for which the perturbations
are recorded) used for the perturbation analysis.

In the preceding sections, we have derived an analytical theory to describe the linear per-
turbation response of a planar interface and compared them with phase-field simulations. In
the following, we present a brief discussion on the nature of change of the amplitudes of the
perturbations and spatial frequencies (henceforth will be referred to as “frequencies” in short)
Wmae (frequency at the maximally growing wavelength) and w..; (frequency at the smallest
wavelength beyond which the first instability is seen) upon change in the properties of the

diffusivity matrices and velocity.

5.3 Discussion

In this section, we highlight certain properties of the dispersion behavior through the study

of the variation of the properties of the instability behavior characterized by the maximum

growth rates g, and the critical and maximally growing frequencies we.;; and wy,;, using our
analytically derived expressions. For this, we will vary properties that bring about changes
in the principal length scales in the problem. For the present discussion, we will hence vary
the diffusivity matrices (considered to be diagonal), and the velocities of solidification, for

either isothermal or directional solidification conditions and the thermal gradients in the case
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Figure 5.7: Plots depicting (a) unscaled, and (b) scaled variations of /8 for different choices
of the diffusivity matrix. The figure legends report the non-zero off-diagonal components with

the diagonal components set to

unity.
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of directional solidification.

5.3.1 Influence of diffusivity

As a first case, we will vary the diffusivity matrices by changing either of the values D44,
Dgg, Dcc while the others are left constant. While, it is quite trivial to undertake this
investigation for the case of directional solidification, for the case of isothermal solidification, a
change in diffusivity must be accompanied with a change in the alloy composition such that the
growth coefficient 7,, as well as the equilibrium compositions at the interface remain invariant.
These alloy compositions can be worked out using the expressions describing the planar growth
problem for isothermal solidification in the analytical section 5.1.2. We have checked our results
for both sets of conditions (isothermal and directional) and find that the basic characteristics
of the instability in terms of the change in the maximally growing frequencies and growth rates
are quite the same for both conditions.

An interesting difference in behavior is observed for the case of low and high velocities.
Fig. 5.8 shows the variation of the w4z, Werir as well as (5 /8)maz for different choices of the
diffusivity matrix at higher velocities of V' = 0.02, while a corresponding variation at lower

velocities can be seen in Fig.5.9, where V' = 0.0001.

)
At lower velocities, the variation of the (5) , and the variations of the critical frequencies

show a gradual decrease with increase in diffusi al%y (see Figs. 5.9(b) and 5.9(a)). This follows
from the increase in the diffusion length causing a decrease in the magnitude of the perturba-
tion in the composition gradients and thereby weakening the instability and shifting the critical
wavelengths to higher values. At higher velocities, however, the critical length scales are much
smaller, which occurs because of smaller diffusion lengths. Here the influence of capillarity is
more pronounced than in the case of lower velocities. For very low values of diffusivity, the crit-
ical length scales become comparable to the capillary length. In this regime, the critical length
scales therefore become a strong function of the capillarity along with that of the diffusivity
matrices which also results in a maximum in the values of w..;; and wy,.., with the variation of
diffusivities (see Fig.5.8(a)). Physically, capillarity stabilizes the planar interface, and thereby
an increase in the value of the diffusivity which has a tendency to increase the critical length

scales, in the higher velocity regime, brings about a decrease in the stabilization influence of

)
surface tension. Therefore, we see an increase in the value of the growth rates — for a similar
variation of the diffusivities at higher velocities (see Fig. 5.8(b) and 5.9(b)). Additionally, to

the left of maximum in we.;; and wye, curves (see Fig.5.8(a)) capillarity dominates (in stabi-
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Figure 5.8: Plots showing variations of, (a)wyq, (shown by lines) and we.; (shown by points),
(b) (6/8)maz, with change in diffusivity of any one of the components A, B and C' (the diffusivity
matrix is diagonal). The analysis is performed at a planar front velocity of V' = 0.02. The
figure legends reveal the components whose diffusivities are held constant along with the values
set for them, while the diffusivity of the component not mentioned in the legend is varied to
generate the curve.
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Figure 5.9: Plots showing variations of, (a)wya, (shown by lines) and we.; (shown by points),
(b) (6/8)maz, with change in diffusivity of any one of the components A, B and C' (the diffusivity
matrix is diagonal). The analysis is performed at a planar front velocity of V' = 0.0001. The
figure legends reveal the components whose diffusivities are held constant along with the values
set for them, while the diffusivity of the component not mentioned in the legend is varied to
generate the curve.
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lization of planar interface) and shifts the critical wavelengths to larger values with decreasing
diffusivity and a consequent decrease in 5 . Also noteworthy, is the differing response

w.r.t the change of the different values of the diffusivities of the different components. This is
particular to the alloy under consideration, but it is clear that in general, characterization of
the instabilities with respect to the diffusivity matrix may be important in the context of alloy

design in multi-component systems.

5.3.2 Influence of velocity

For understanding the instability behavior as a consequence of changes in the velocity, again we
can utilize either the isothermal or directional solidification conditions. While the directional
solidification case is straightforward, in that only one parameter i.e., the velocity needs to be
changed, for the case of isothermal solidification, following our work [5] and the discussion in
the analytical section, one can work out a range of alloy compositions, where one can derive
the same given equilibrium compositions for different 7. Although, this consideration does
not enter the analytical calculations, it is important to note this difference in the boundary
conditions, that will be necessary to conduct a similar study using phase-field simulations.

In Fig. 5.10, we report a behavior at higher velocities, while Fig. 5.11 displays the same
at lower velocities. Again, the differences between the two characteristics at lower and higher
velocities can be seen as a result of an interplay between capillarity and diffusion. The variation
of velocity works in the inverse manner with respect to the change in the diffusivities in the

preceding section. Here, for the lower velocity regime, an increase in the velocity, decreases

o

Also, as a consequence of decrease in the diffusion length scales, the critical and maximum

)
the diffusion length strengthening the instability and thereby the rates —) in Fig.5.11(c).

frequency values shift to higher values (see Fig.5.11(a) and Fig.5.11(b)).
In the higher velocity regime, the length scales become comparable to the capillarity length,

)
and as a consequence, beyond a particular value of velocity the value of the growth rate | =

4]
begins to drop as in Fig.5.10(c). Given the dominance of capillarity in this regime, the crit-

ical and maximally growing wavelengths shift to the right as is described by the decreasing

frequencies beyond the maximum in Figs.5.10(a) and 5.10(b).
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Figure 5.10: Plots showing variations of (a)wmaz, (b) Werits (¢) (6/0)maz, with V' (from 0.005 to
0.05) for different diagonal diffusivity matrices.
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Figure 5.11: Plots showing variations of (a)wmagz, (b) Wersts (¢) (8/8)maz, With V (from 6 1076
to 0.01) for different diagonal diffusivity matrices.
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5.3.3 Influence of the thermal gradient

In addition to capillarity, a positive thermal gradient brings about a stabilization of the inter-
face. This particular aspect is relevant only for the case of directional solidification, where now
an additional length scale described by the variation of the thermal gradient and its relation to
the diffusion and capillary length decides the behavior of the instability. For directional solid-
ification, given an alloy system, for a certain velocity, all wavelength perturbations are stable
for thermal gradients higher than a critical value, which is different to the case of isothermal
solidification. Thereby, we have spanned the range of velocities and recorded the value of the
shallowest thermal gradient which results in all wavelength perturbations being stable. This
can be seen in Fig.5.12. The lines demarcate the region of absolute stability to perturbations,
where above the curve we have absolute stability while below it we have regions of instability
depending upon the wavelength of perturbation. Again, for very low velocities, one can see the
graph in Fig.5.12 to be linear, which is the classical supercooling limit in the Mullins-Sekerka
instability. For higher velocities, the length scales reduce and stabilization due to capillarity

brings in the non-linearity in the curve.
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\Y

Figure 5.12: Plot showing variations of GG, with change in sample pulling velocity (V') at limits
of absolute stability. The continuous straight line is obtained by a fit to the data points
corresponding to a diagonal diffusivity matrix D = I, at low V.

5.4 Summary

In this investigation, we perform a linear stability analysis for solidification in a multi-component
alloy under directional and isothermal conditions, for a generic diffusivity matrix. The analyt-

ical results are validated against phase-field simulations which show excellent comparison for
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varied sets of diffusivity matrices. Thereafter, we have used the analytically derived expressions

for deriving the nature of variation of the parameters describing the instability such as w4z,

J

diffusivity matrices and the velocity). We have also numerically worked out conditions for the

)
Werie and <—> w.r.t the change in the diffusion length (effected through the change in the

absolute stability of a planar interface, for directional solidification conditions.

While, we utilize a uniform set of equations to analyze the linear stability under different
solidification conditions, a theoretical difference between the case of directional and isothermal
solidification conditions is noteworthy. For the case of directional solidification, considering the
steady-state solution to the planar problem, the equilibrium compositions at the interface are
invariant w.r.t the choice of the diffusivity matrices, and thereby the variation of the concentra-
tion gradients ahead of the interface which influence the behavior of the instability, is readily
derived once the velocity of the interface is known. However, for an isothermal solidification
setting, the planar problem does not have a steady-state solution, characterized by the system
having a constant velocity, but by a growth coefficient, which describes the parabolic growth
of the interface. The growth coefficient as well as the equilibrium compositions depend on the
choice of the diffusivity matrix as well as the alloy composition. These characteristics of the
transformation influence the growth behavior of morphological perturbations and thereby in-
fluence the selection of microstructural length scales. Therefore, in order to have equivalent set
of solidification conditions (directional and isothermal) for velocity and diffusion lengths, which
will behave similarly w.r.t a linear stability analysis, care needs to be taken to initialize the
problem with the appropriate alloy compositions. This particular aspect has not been a part

of previous investigations regarding a linear instability analysis of multi-component systems.
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Chapter 6

Isothermal dendrites in

multi-component alloys

The growth of the perturbations at the solid-liquid interface, discussed in the previous chapter,
leads to the most commonly observed solidification structures of cells and dendrites. In this
chapter, we develop a theoretical understanding of the phenomenon of free dendrite growth from
a uniformly undercooled multi-component melt. We extend Ivantsov’s [30] solution of solute
diffusion to multi-component alloys and invoke the different estimates of the dendrite tip-radius
by extending criteria like “Marginal Stability” and “Microsolvability” to multi-component al-
loys. As we have done in the previous chapters on steady-state growth and diffusive instabilities
of the solid-liquid interface, in this chapter too, we perform phase-field simulations to validate
our analytical predictions. In addition, our phase-field simulations also provide estimates for
the dendrite tip-radius as part of the “Microscopic Solvability” (or “Microsolvability”) crite-
rion, integrated with our analytical calculation of the diffusion fields in the melt. We begin
with our analytical derivation in the next section, follow it up with a description of our results

and discuss the main conclusions of our work.

6.1 Theory

In this section, we present the theory of isothermal dendrite growth in a multi-component alloy
with K components, out of which K — 1 are independent. We restrict ourselves to a 2D system
which is representative of solidification of a thin sample. Isothermal growth corresponds to a
situation where a super-critical nucleus grows into a uniformly undercooled (AT) liquid melt.

Here, the solid-liquid interface is always unstable, as any perturbation on the interface would
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find undercooled melt ahead, causing it to grow.

Our theory is developed with the objective of determining the velocity (V'), the tip-radius
(Ryp), and phase concentrations at the solid-liquid interface under conditions of local equi-
librium. The diffusion in the solid being negligibly small compared to that in the liquid, is
neglected in our theoretical analysis. Furthermore, the solute diffusivities are considered to be
constant and hence independent of solute concentrations. In our derivation, we also invoke the
assumption that the interfacial temperatures stay at the same value as that set in the far-field.
This obviates solving for the problem of thermal diffusion which corresponds to situations with
very high Lewis number. We begin with the determination of the solute diffusion fields in the
liquid, which can be seen as an extension of the work by Ivantsov [30] and Horvay, Cahn [31] to
multi-component alloys. Following this, we invoke the condition of local equilibrium across the
curved interface of a dendrite, in conjunction with an expression estimating Ry;,, to determine
the unknowns.

We begin with an analysis which corresponds to a situation where the solutes diffuse inde-
pendently of each other and hence the diffusivity matrix D is diagonal. We will show later that
the case of coupled diffusion of solutes can be treated in a similar manner by performing the en-
tire analysis in the composition space determined by the eigen-vectors of the diffusivity matrix.

The symbols which are used in our analytical derivation are mentioned in the Table. 6.1.

6.1.1 Diffusion problem

In contrast to the diffusion problem of a planar solidification front, where from the Zener type
solution we derive a scaling law which prescribes that the displacement of the interface to vary
with the square root of time, in the case of dendrite growth there exists a solution where the
displacement is proportional to time. This is because a unique dendrite tip with a defined
radius is chosen at a given undercooling. The solutal boundary layer ahead of the interface
decays across a length which is proportional to the dendrite tip radius. Thus, in the dendrite
problem, both the dendrite tip radius as well as the velocity together describe the kinetics of
the dendrite morphology.

During steady-state growth of the dendrite at a constant velocity V', the diffusion fields in
the liquid, ahead of the solid-liquid interface, can be described in a scaled (by the dendrite

tip-radius Ry;;,) and moving frame, fixed at the interface, as,

oct 0%k 9%
- 9z D (8x2 * 822) ’ (6.1)
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K the no. of components

Ci concentration of i-th component in liquid

c® concentration of i-th component in liquid in far-field
concentration of i-th component in liquid

i at the interface in local equilibrium

concentration of i-th component in solid
at the interface in local equilibrium

partition coefficient

o

concentration gradient of the i-th component in the liquid at the interface

\.&.

interfacial energy

curvature of the interface

SEQQQ

diffusion potential of the i-th component

the Grand-potential density of the phases

=l
°

(i,j)-th component of the diffusivity matrix

wave-number of the perturbation

amplitude of the perturbation

rate of change of amplitude of the perturbation

velocity of the solidification front

tip-radius of the dendrite

the coordinate along the growth direction of the dendrite

the coordinate normal to z

= .

the time

Table 6.1: The symbols used in the analytical derivation.
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Along Z — 7'

Figure 6.1: Schematic displaying a dendrite growing in liquid on the left. The one on the right
shows the composition profile along the line Z — Z’.

where, ¢!, denotes the concentration of the i-th component in the liquid. The dendrite advances

P B

in the z direction, x being a direction orthogonal to z as described in the schematic in Fig. 6.1.

The dendrite shape is approximated by a parabola, given by Fig. 6.1,

2 = 4f(f - 2), (6.2)

where, f is the scaled (by Ry;,) focal distance of the parabola which evaluates to f = 1/2. The
Stefan boundary condition at this parabolic interface writes as,
oct
Vsin Ac; = —Dy—= , 6.3
singAG = Dy (63

inter face

where, Acf = cl* — ¢, and, ¢i* and ¢, denoting the solute concentrations in the liquid and
the solid respectively, which are in local equilibrium across the interface. N denotes the local
normal, pointing towards the liquid, varying in sense across the parabolic interface. ¢ is the
angle between N and z (see Fig. 6.1).

The far-field alloy composition at z — oo, serves as a second boundary condition, and is
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given by,

¢ =c’. (6.4)

7

The composition variable, ¢!, is scaled to introduce a parameter representing normalized

supersaturation in the corresponding component, given by,

L _ o
Qi == %. (65)
c — C;

K3 7

Replacing ¢!, by the corresponding scaled supersaturation, €2;, in Eq. 6.1, we obtain,

o, 0% 0*Q,
_9Pe, —
€ 0z 0x? + 022"’

(6.6)

where, Pe; = V R/2D;;, is the solutal Peclet number corresponding to the i-th solute. Similarly,

the Stefan condition in Eq. 6.3 can also be re-written as,

08,
on ’

inter face

—2Pe;sin ¢ =

(6.7)

where n denotes the scaled normal to the solid-liquid interface given by n = N/Ry,. The

corresponding far-field condition is now written as,

Thus, at this point, the diffusion problem comprises of the governing equation given by Eq. 6.6,
alongside the boundary conditions given by Eq. 6.7 and 6.8.

By a separation of variables of Eq. 6.6, we can see that the solution to Eq. 6.6 is of the form,
Q; = 0;(z, z) exp (—Pe;2) . (6.9)

By substituting Eq. 6.9 into Eq. 6.6 the governing equation can be re-expressed as,

0%0, N 0%0,
0x? 022

— PelO; =0, (6.10)
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with the corresponding boundary conditions being,

—9Pe;sing = 2(Orexp(=Peiz)) , (6.11)
on
inter face
and,
0; =0, (6.12)

as exp(—Pe;z) — 0 when z — oc.
The variability of the orientation of the surface normal n across the solid-liquid interface,
motivates the re-expression of Eqgs. 6.10, 6.11 and 6.12 in a parabolic({§ —n) coordinate system

given by,

£ =Va2+ 224 2,
= Vrt+ 22—z, (6.13)

with the inverse relationship being,

r =&,

i (e ), (614

In this coordinate system a parabola is represented by a constant value of ¢ with the n coordinate
running orthogonal to it as described in the schematic in Fig. 6.1. Expressing, Eq. 6.2 in this

new coordinate system, we obtain,

& =v2f=1 (6.15)

Thus, now the solidification front can be identified with a constant value in the coordinate axis,
&, which in an orthogonal coordinate system results in the interface normal at every point of
the interface being collinear with the local orientation of the other coordinate axis (n). This

drastically simplifies the consideration of the Stefan boundary condition, which now becomes,

Y [@iexp [~Pe; (€2 =) /2]]| - (6.16)

& 9
Jerre | Jerrm

2P€Z'
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In the parabolic coordinate system, Eq. 6.10, becomes,

— .= (. q
o2 o (& +1n*) Pe’©; =0 (6.17)

The far-field remains the same as in Eq. 6.8 at £ = oco.
Solution to the Eq. 6.17, with the boundary conditions given by Eq. 6.16, and Eq. 6.8 can

be expressed as,

©; = \/mPe; exp(Pe;) exp (Pe;(§% — ) /2) erfe <\/P_elf) . (6.18)

with, the final solution written as,

Q; = O, exp(—Pe; (52 — 772) /2)
= /7w Pe; exp(Pe;) erfc (\/Per) ) (6.19)

Eq. 6.19 can be evaluated at the interface given by £ = £* = 1, to write,

e — e

QF = ﬁ = \/mPe; exp(Pe;) erfc <\/P€i> : (6.20)

G — G

Eq. 6.20 represents a set of (K — 1) equations containing 2(K — 1) 4 2 unknowns in ¢.***, V/
and Ry,. Each of the 2(/K — 1) phase concentrations cli*’a*, which have to be determined, can
be expressed as functions of the K — 1 diffusion potentials u;, and the imposed undercooling,
AT'. This functional dependence of compositions on diffusion potentials (x;) and undercoolings
(AT) is described in detail in Chapter 3 in the section “Thermodynamics” under the subsection
“Parabolic driving forces”. This re-formulation of the problem in terms of the intensive variables
of p; and AT, leaves K + 1 unknowns (K — 1 u;’s, V and Ry;,) which have to be determined

in order to completely solve the diffusion problem.
6.1.2 Local equilibrium
The condition of local equilibrium at the interface is given by,
AV =T — T* = gk, (6.21)

where, ! and U denotes the grand-potential of the liquid and the solid phases, respectively. o

is the interfacial energy, and x denotes the curvature of the interface, which is approximated as
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1
Kk~ 1/Ryp in 2D. As, Whe = flo 5™ V—,uici’a, and & = & (uy, o, - -+, px—1, AT), Bq. 6.21

is an equation connecting the K — 1 diffusion potentials, ;, AT and Ryp,.

6.1.3 Estimates for Ry,

To completely solve for the K + 1 unknowns in p;’s, V and Ry, requires the specification of
one more equation. An estimate of the characteristic length scale in the problem, Ry, has
been historically chosen to provide this required specification. There are several possibilities
to estimate Ry,. We will present each of these possibilities in a form which is generic to any

multi-component alloy, in the following subsections.

Marginal stability criterion

According to Langer-Miiller-Krumbhaar [32], an estimate for the dendrite tip-radius Ry, can
be the smallest critical wavelength of perturbation during growth by a planar front, which
neither grows nor shrinks. This is the classical Marginal Stability criterion and has been found
to be in reasonable agreement with experiments. In order to extend this to any generic multi-
component alloys, we refer to the previous Chapter 5, where we perform a linear stability
analysis of a perturbed planar front in a multi-component alloy, to derive an expression of the
rate of amplification of each of the wavelengths constituting the perturbation of the interface.

This expression can be stated as,

0 b; 1 . 1%
= = - - (&) _
6 K G) i (k@ Duﬂ - (6.22)

The unknown constants b;’s, are determined by invoking the Gibbs-Thomson condition across

the perturbed interface, which writes as,

In Egs. 6.22 and 6.23, w = 27/ is the wavenumber corresponding to the wavelength (\);
G.i = —VAc;/D;; denotes the gradient in concentration of the i-th component in the liquid,
ahead of the planar interface; I' denotes the Gibbs-Thomson coefficient; m; represents the
liquidus slopes corresponding to the i-th component. k& = (V/2D;) + VvV (V/2D;;)? + w? and
& = ki — (V(1—k;)/Dy), with k; = c¢®*/cl*. The growth behavior of an interfacial perturbation

of any wavelength being the same regardless of the choice of the component 7, whose diffusion

field is utilized in Eq. 6.22, leads to K — 2 equations relating the b;’s. These relations in
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conjunction with Eq. 6.23, provides a set of K — 1 equations to determine b;’s (K — 1 in
number), which leads to a knowledge of the amplification rates of each of the wavelengths and
hence the stability of the interface to random perturbations.

A measure of the critical wavelength (A..;; = 27 /werit, can be obtained by setting ) /6=0

in Eq. 6.22. This leads to an expression of b;, given by,

by = Gc,i+, (6.24)

which can be substituted into Eq. 6.23, to obtain an equation which can be for solved for
w to obtain the critical wavenumber w,.;;. Now, invoking the “Marginal Stability” criterion,
which approximates Ry, &= Aerit = 27 /werit, Eq. 6.23, completes the set of equations needed to
consistently solve for all the unknowns.

The process of formally coupling Eq. 6.23 with Eq. 6.20 and Eq. 6.21, in Eq. 6.23 can be

expressed as follows. We express ¢."®* as functions of y; and AT and use the same V as in the
diffusion problem ahead of a dendrite, in Eqgs. 6.23 and 6.24. Furthermore, we substitute we,;
by 27/ Ry, in Eq. 6.24 and 6.23, with the Ry, being the one which satisfies the condition of
local equilibrium given by Eq. 6.21, and appears in the diffusion problem as well through the
solutal Peclet numbers Pe; in Eq. 6.20. Hence, Eqs. 6.20, 6.21 and 6.23 form a set of K + 1
equations which allows a determination of K 4 1 unknowns in y;’s, V and Ry;,.

A point to note here is that the original Marginal Stability criterion is stated under the
approximation of A..;; being very small compared to the solutal diffusion lengths of 2D;;/V .

Under this approximation, Eq. 6.24 becomes,
bi = G, (6.25)

which when substituted into Eq. 6.23, leads to an explicit expression for Ry, of the form,

r

VA’

This approximation is valid at low AT, where the predictions obtained incorporating Eq. 6.26

Ryp = 2 (6.26)

are indistinguishable from those obtained using the complete expressions of Eq. 6.24 and
Eq. 6.23. In the discussion accompanying our key results, we continue to refer to the usage of

Eq. 6.26 as the “Marginal stability criterion”, while the incorporation of Eqgs. 6.24 and 6.23 is
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referred to as the “Complete Marginal stability criterion”.

As the “Marginal Stability” criterion is only a conjecture motivated by experimental ob-
servations, there has been attempts to tailor this criterion for particular systems in question.
Motivated by experiments in succinonitrile-acetone systems, Lipton et al. [4] introduced an
additional factor of v/2 in Eq. 6.26, to accurately predict the dynamics analytically. In this
chapter, we perform phase-field simulations of isothermal dendrite growth which can substitute
for experiments in deciding the appropriate pre-factor. In order to do so, we re-express Eq. 6.26

as,

r

VA’

where, 5* is a constant which can be determined by measuring the slope of the straight line fitted

—VAc;
D;;

but for different undercoolings. We will refer to this method as the “Fitted Marginal Stability

criterion”.

Rtip = ﬂ*

(6.27)

to the simulation data of Ry;, versus , | I’ / > ( ) , for the same set of parameters,

Microsolvability criterion

Langer and Miiller-Krumbhaar show in [34] that the side-branching instabilities of a dendrite
persist despite the consideration of surface tension. This coupled with the inability of the
“Marginal Stability” criterion to predict the growth of dendrites along well-defined crystallo-
graphic directions, leaves the possibility of the existence of other criteria which can address
these issues.

An analytical solution to the problem of dendrite growth in the presence anisotropic interfa-
cial energies being extremely difficult, Kessler and Levine [35], solve this problem numerically.
By conducting numerical experiments they show that stable dendrites shapes are obtained for
unique combinations of V' and Ry;,, which follow an empirical rule given by,

VR;, =Q, (6.28)
where, () is a constant dependent on the magnitude of the anisotropy (. It is subsequently
shown to be in great agreement with predictions from phase-field in [118, 119, 120, 121].

We assume the agreement between boundary integral and phase-field calculations observed
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for binary alloys, to hold for multi-component alloys as well, and determine the coefficient @)
from phase-field simulations. We use the value of this constant in our analytical calculations
to close the system of equations as explained during discussion of the “Marginal Stability”
criterion.

Having discussed the solution to the dendrite growth problem in multi-component alloys
for independent diffusion of solutes, we move on to a discussion of the same for a situation

displaying coupled diffusion of solutes.

6.1.4 Coupled diffusion of solutes

In the presence of the coupled diffusion of solutes, Eq. 6.1 can be re-written in the matrix-vector

acé 92t 9%
Vv { 5 } = [Dyj] { (a—xg + 87; : (6.29)

while the corresponding Stefan condition at the interface is written as,

notation as,

ack
Vsing {Ac} = - Dy {a—N} , (6.30)
inter face

In the above expressions, [-] represents a matrix of dimensions (K — 1) x (K — 1), while {-}
represents a column vector of dimension (K —1) x 1. The diffusivity matrix [D] being constant,
independent of solute concentrations, we assume the existence of a constant, invertible matrix
[P], such that [D] can be diagonalized as,

[D] = [P]7'[D][P], (6.31)

where, [D] is a diagonal matrix. Substituting for [D] in Eq. 6.29 in terms of [D], we obtain,

od (92 o
V2 =D, (aTng = |- (6.32)

where, {gﬁ} = [P7Y{c}. Performing the same substitution in Eq. 6.30, we obtain,

!
— 0Oc;

in pAC; = — Dyt .
V sin pAc} i3 (6.33)

inter face
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With the far-field boundary condition also restated by multiplying both sides by P!, we can
see that the system of equations to be solved for remains exactly the same as in Eq. 6.1, 6.3
and 6.4, but with gﬁ in place of ¢!, and [5] in place of [D]. Following the same procedure,
hereafter, as done for the case of independent diffusion of solutes, we obtain, an equivalent of

Eq. 6.20, for coupled diffusion of solutes, as given by,

_ Ix __ .50 —— __ ——
QF = % = \/ mPe; exp(Pe;) erfc (\/ Pei) , (6.34)

Ix ok
G — G

where, /P\e/l- =V Ryp/ ZZ/?VM Using the dependence of cé*’a* on u; and AT, we can obtain a similar

*

functional dependence for cé*’o‘ as well. Thus, Eq. 6.34 can be completely expressed in terms
of the K +1 unknowns in y;, V' and Ry,. The local equilibrium condition expressed in Eq. 6.21
is stated completely in terms of y; and AT and so can be invoked as it is, in the solution
procedure for the coupled diffusion of solutes.

The consideration of coupled solute diffusivity modifies the “Marginal Stability” criterion

as well. The corresponding version of Eq. 6.24 can be obtained by replacing [D] by [5] and by
I

replacing ¢l by ¢l. By relating b;’s to the perturbed composition fields ¢!, directly, instead of

the original composition fields of ¢, Eq. 6.23 re-writes as,
{m}" [P]{b} = Tw? (6.35)

The linear stability analysis of a planar growth front in multi-component alloys which forms
the basis of the “Marginal Stability” criterion, is described in considerable detail in [6], which
includes the complete analysis for the coupled diffusion of solutes as well. The “Microsolvability”
criterion on the other hand, has a form which requires no modification and can be invoked as
described in Eq. 6.28 for the situation corresponding to coupled diffusion of solutes.

This concludes our analytical theory to determine the tip growth velocity V', the tip radius
Ryip, and the phase concentrations at the interface, during isothermal dendrite growth in multi-
component alloys. In the next section, we present the key predictions from our theory and
benchmark them against observations from phase-field simulations. We employ a quantitative
phase-field model based on the grand-potential [198, 199] formulation, the details of which are
described in Chapter 3.
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6.2 Results

In this section, we first present a comparative study of the predictions from our analytical theory
using several different estimates of Ry;, including that obtained from phase-field simulations as
well. Comparison against experimental results are possible in a limited scope, as almost all the
the experiments on dendritic solidification in multi-component alloys only report the variation
of tip velocity (V') against undercooling (AT'). In this study, we are going to compare our
analytical predictions against phase-field simulations only, with the understanding that both
phase-field models and analytical theories embody the same physics and a non-conformity to
experimental results if found in future, will be due to physics that is yet to be understood.

In Fig. 6.2 we present the solute fields observed during phase-field simulations of free den-
drite growth. We extract the dendrite tip velocities (V'), tip-radius (Ry;,) and the phase con-
centrations (cf"l) from these simulations to be compared against our theoretical predictions.
Furthermore, the relationships between the dendrite tip velocity and the tip radius as given by
the “Microsolvability” criterion, and the “Fitted Marginal Stability criterion” are determined

from the phase-field simulations.
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Figure 6.2: Typical solute fields of (a) ca, and (b) ¢ during isothermal dendritic solidification
observed during phase-field simulations. The dendrites are made to grow along the diagonal
of the simulation domain (by a suitable rotation of the frame of the crystalline anisotropy) to
access larger domain sizes along the growth direction.

In order to determine the tip-radius (Ry,) from phase-field simulations we extract the den-
dritic profile near the tip and fit a parabola to the set of points (see Fig. 6.3). Once the
equation describing the profile has been determined we can easily compute the curvature at the
tip, whose inverse gives us Ry;,. The tip-velocity of the dendrite is computed by dividing the
distance moved by the tip by the time elapsed between two successive readings and they are

reported once they become invariant with time, corresponding to a steady-state.
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26.75
2
© 2657
=
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Figure 6.3: The fitting of a parabola to the tip of the dendrite obtained from phase-field
simulations. The line represents the fitted function and the points are from a phase-field
simulation. The dendritic profiles from phase-field simulations as represented in Fig. 6.2 are
rotated such that the axis of the dendrite is vertical which allows a fit by a parabolic function.

% [0.70691

¢ [ 0.14645
AT 0.44
i 10,44

ma 0.45
mp —0.25
o 1.0

Table 6.2: Table depicting all the material parameters

The thermodynamic parameters employed in our model are described in the Table. 6.2,
where ¢} 5 and cﬁ(fgid are the solid and liquid compositions respectively. The solidus and
liquidus are taken to be parallel to each other and are denoted by mj 5 and mi‘, p respectively.
o denotes interfacial energy.

A short note on the phase-field simulation parameters is relevant here. The discretization
spacing (Ax, Ay) is determined by ensuring adequate resolution of the of the Ry, predicted by
the analytical calculations for a particular undercooling (AT'). The size of the time-step (At) is
chosen to be the largest value which leads to accurate results. The width of the diffuse interface
is determined by e, which is chosen to be 4 times Ax. A simulation box size of 1000 x 1000 is
enough to capture a considerable portion of the steady-state growth regime before the diffusion
fields begin to get truncated by the boundaries.

In all of the figures which follow, we have scaled the quantities of interest by employing the

following physical scales:
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1. Temperature (T*): Freezing range ATy = >, m;(c; — ), T* = ATy,

()

r
2. Length (I*): Capillary length scale | dy = — |, I* = dy,
ATy
d2
. Ti =2,
3. Time (t*): ¢ i)

Using these definitions the scaling constant for velocity is given by, V* = D/dy,. With the
parameters that we have employed these scaling factors come out to be as: T* = ATy = 0.1935,
I* =dy =6.3267, t* = 20.0135 and V* = 0.3161, where I' = 1.2240.

We begin by presenting the variation of V', and Ry, against undercooling (A7) in an alloy
with equal solute diffusivities of Dq4 = Dpg = 2.0 and where the magnitude of the anisotropy
is ¢ = 0.01 in Fig. 6.4. The variation of tip velocity (V') with AT is reported in Fig. 6.4(a),
while the variation of Ry, with AT is presented in Fig. 6.4(b).

The variation of phase concentrations is reported in Fig. 6.5 with those belonging to the
solid phase are presented in Figs. 6.5(a) and 6.5(c), while the corresponding variations for the
liquid phase are reported in Figs. 6.5(e) and 6.5(g).

In Fig. 6.4(a), we find an excellent match between the velocities V' predicted by the “Micro-
solvability” criterion and that predicted by the phase field simulations. It can be seen here that
the higher driving forces associated with an increase in AT leads to higher tip-velocities (V') of
the dendrite. Amongst the predictions from the stability criteria presented in Fig. 6.4(a) the
line corresponding to the “Fitted Marginal Stability” is the closest to the simulation predic-
tions. The line corresponding to “Complete Marginal Stability” criterion is almost parallel to
the “Fitted Marginal Stability criterion” line with the former predicting smaller tip velocities
than the latter, for all AT. The “Marginal Stability” line deviates slightly from the “Complete
Marginal Stability” line only at higher AT. The points obtained from simulations and the
“Microsolvability” theory follow a trend which can be seen to have a slightly larger negative
curvature than the “Marginal Stability” lines.

Moving on to Fig. 6.4(b), which presents a variation of the dendrite tip-radius Ry;, with
undercooling AT, we can confirm again that the simulation results are the closest to the pre-
dictions from the “Microsolvability” criterion and the “Fitted Marginal Stability” line, which
is again parallel to the “Complete Marginal Stability” line. Here, I, can be seen to become
smaller with an increase in AT. The relative positions of the three Marginal Stability lines
are reversed compared to what is observed in Fig. 6.4(a). The values of Ry, predicted by
the “Complete Marginal Stability” and the “Marginal Stability” are slightly higher than the
predictions from “Fitted Marginal Stability”. The line from the “Marginal Stability” again
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deviates from the line of “Complete Marginal Stability” at higher AT, similar to what ob-
served for Fig. 6.4(a). The curvature of the series of points obtained from simulations and the
Microsolvability theory is now positive and larger than the corresponding lines obtained from
the Marginal Stability criteria. Considering Figs. 6.4(a) and 6.4(b) in unison, we can say that
the criteria of “Complete Marginal Stability” and “Marginal Stability”, underestimate R;;, and
overestimate V', compared to criteria of “Fitted Marginal Stability” and “Microsolvability”.

The variation of the interfacial phase concentrations with undercooling (AT') represented
in Figs. 6.5(a), 6.5(c), 6.5(e) and 6.5(g) show a very good match with all the analytical
predictions, with the line from the “Fitted Marginal Stability” deviating from the others at
higher undercoolings. The trends observed in the variation of phase concentrations with AT
are largely a function of the phase-diagram properties, especially so, in the case of equal solute
diffusivities. Each of the Figs. 6.5(a), 6.5(c), 6.5(e) and 6.5(g) are paired with a second plot
right next to them. These plots depict variations of the phase concentrations during steady-
state growth by a planar front for growth conditions which are identical to conditions employed
for dendritic growth. In the context of selection of phase compositions a comparison between
similar studies performed for the case of planar growth which is presented in Chapter 4, is useful.
For this, instead of plotting the phase compositions as has been performed in Chapter 4 we
convert the chosen supersaturations along the tie-line represented by (i.e., ¢§ = 0.70691, ¢} =
0.14645,cﬁqmd = cl];q“id = 0.44), into equivalent undercoolings using the information of the
liquidus slopes that is mentioned in this chapter. The tie-line compositions during growth by
a planar interface, for alloys with equal solute diffusivities, stay on the original tie-line which
can be confirmed from the constancy of values with AT. A close examination of these plots
reveal that the phase concentrations during dendritic growth approach those observed for planar
growth as the undercooling become smaller. This can be understood from the observation that
the Ry, becomes larger with the lowering of AT, which translates to diminished correction
of interfacial compositions due to curvature (k = 1/Ry;,), resulting in an approach to phase
concentrations observed in planar growth. The procedure for analytically determining the phase
concentrations has been described in detail in [5].

We perform a similar study on a system with equal solute diffusivities but with a higher
magnitude of the anisotropy parameter ¢ = 0.02, reported in Figs. 6.6 and 6.7. The variations
of V', Ry, and the phase concentrations appear to follow trends which are similar to what is
seen in Figs. 6.4 and 6.5, except for some differences. As discussed earlier, the criteria of “Com-
plete Marginal Stability” and “Marginal Stability” cannot describe the effect of anisotropic
interfaces on the dendrite growth dynamics. Thus, predictions from these criteria continue to

be exactly the same as reported in Fig. 6.4 and are farther away from the corresponding simu-
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Figure 6.4: Plots showing the variation of, (a)tip velocity (V'), (b) tip radius (Ry;,) with under-
cooling (AT). The diffusivity matrix is diagonal with Ds4 = Dpp = 2.0, and the anisotropy
strength is ¢ = 0.01.

lation predictions, compared to the situation corresponding to ¢ = 0.01. Furthermore, a higher
strength of the surface energy anisotropy leads to a smaller Ry;, (as seen in Fig. 6.6(b)) but a
higher growth velocity V' (as seen in Fig. 6.6(a)), for a given AT, compared to the situation for
¢ =0.01 (in Figs. 6.4(b) and 6.4(a)).

The composition variations presented in Figs. 6.7(a), 6.7(c), 6.7(e) and 6.7(g) also dis-
play a similar trend where the variations calculated using “Complete Marginal Stability” and
“Marginal Stability” deviate from the predictions from “Fitted Marginal Stability”, “Microsolv-
ability” and phase-field simulations to a larger extent compared to Figs. 6.5(a), 6.5(c), 6.5(e)
and 6.5(g).

Moving on to the study a system with unequal solute diffusivities of D44 = 2.0, Dgg = 1.0,
with ¢ = 0.01, as reported in Figs. 6.8, we observe a selection of a similar tip-velocity (V)
(in Fig. 6.8(a)) and tip-radius (Ry,) (in Fig. 6.8(b)) compared to the ones selected for D4 =
2.0, Dpp = 2.0 in Figs. 6.4(a) and 6.4(b). Similar observations hold true for the situation of
Dys =1.0,Dpp = 2.0 as well, as seen in Fig. 6.12. The change induced by lowering of one of the
solute diffusivities is a complicated function of the phase diagram properties. It is possible that
the phase diagram properties invoked in our study displays a relative insensitivity to a change in
solute diffusivities. Furthermore, with V' and Ry;, being strongly interdependent (they appear
together in the solution to the diffusion equation as Peclet numbers), our analytical expressions
offer no intuitive way to predict the trends in the variation of either one of these quantities
as a function of solute diffusivities. The variations of the individual quantities, V', R;;, and
the phase concentrations with AT, however, display trends which are similar to what seen in
Fig. 6.4.

The trends of the variation of phase concentrations with undercooling AT" continue to display
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Figure 6.5: Plots showing the variation of the phase compositions, (a)c%, (c) ¢%, (e) i, (g)
c%qmd with undercooling (AT). They are compared against the phase concentrations selected
at a planar interface during steady-state growth, which are displayed in (b)c%, (d)c%, ()i,
and (g)cgqmd. The diffusivity matrix is diagonal with Ds4 = Dpp = 2.0, and the anisotropy

strength is ¢ = 0.01.
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Figure 6.6: Plots showing the variation of, (a)tip velocity (V'), (b) tip radius (Ry;,) with under-
cooling (AT). The diffusivity matrix is diagonal with Ds4 = Dpp = 2.0, and the anisotropy
strength is ¢ = 0.02.

features similar to situation for equal solute diffusivity(see Figs. 6.13(a) , 6.13(c), 6.13(e), 6.13(g),
6.9(a), 6.9(c), 6.9(e), 6.9(g)). An interesting difference from the situation with equal solute dif-
fusivities is that the variation of the phase concentrations selected at the planar interface as a
function AT is no longer constant.

The corresponding studies employing a higher strength of anisotropy, ¢ = 0.02, in sys-
tems with unequal solute diffusivities are reported in Figs. 6.10 and 6.14. Again, we observe
lower values of Ry, (see Figs. 6.10(b) and 6.14(b)) and higher values of V' (see Figs. 6.10(a)
and 6.14(a)) compared to the corresponding observations in 6.8(b), 6.8(a), 6.12(b),and 6.12(a).

In order to understand the very minor changes observed in the variation of V' and Ry,
with changes in solute diffusivities, we report the variation of the parameter ) = VRtQip, with
AT, for all combinations of solute diffusivities considered earlier, in Fig. 6.16. The data from
phase-field simulations in Fig. 6.16(a) reveal a minor change in () with solute diffusivity. An
increase in () with AT in Fig. 6.16(a) can be explained by the increase in V' dominating over
the reduction in Ry;,, caused by an increase of AT'. A more pronounced change is observed with
a change in ¢ (in Fig. 6.16(a)), as confirmed by our earlier observations as well. The variations
of @ calculated from the criteria of “Marginal Stability” and “Complete Marginal Stability”
are presented in Fig. 6.16(b). The phase diagram chosen for our study has properties, which
leads to a constant Ac}, regardless of the variations in p; and AT, resulting in the constancy
of @ observed for the criterion of “Marginal Stability” in Fig. 6.16(b). The variation obtained
from the criterion of “Complete Marginal Stability” in Fig. 6.16(b) shows a trend similar to the
one obtained from phase-field simulations in Fig. 6.16(a). From Figs. 6.16(a) and 6.16(b) it is
clear that the criteria of “Marginal Stability” and “Complete Marginal Stability” overestimate
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Figure 6.7: Plots showing the variation of the phase compositions, (a)c%, (c) ¢%, (e) i, (g)

liquid

cg™ with undercooling (AT). They are compared against the phase concentrations selected

at a planar interface during steady-state growth, which are displayed in (b)c%, (d)c%, (f)cy

liquid
)

and (g)cgqmd. The diffusivity matrix is diagonal with Ds4 = Dpp = 2.0, and the anisotropy

strength is ¢ = 0.02.
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Figure 6.8: Plots showing the variation of, (a)tip velocity (V'), (b) tip radius (Ry;,) with un-
dercooling (AT). The diffusivity matrix is diagonal with Dsa = 2.0, Dgp = 1.0, and the
anisotropy strength is ¢ = 0.01.

(), compared to that from the phase-field simulations. Also, our analytical theory allows us to
probe the effect of a larger difference in the solute diffusivities as presented in Fig. 6.17, where
we plot the variation of dendrite tip-velocity V' and tip-radius R, as a function of undercooling
(AT) using the “Complete Marginal Stability” criterion. Here, increasing Dpp to values which
are an order of magnitude larger than D 44 produces a much stronger effect on the selection of
V and Ry, compared to the case where D4 = 10 and Dpp = 1.

The effect of solute diffusivity can also be discerned from Fig. 6.18, where we display the
composition fields in the liquid along the dendrite axis. It can be seen that a smaller diffusivity
of any one of the solute species leads to a sharper gradient in concentration of the same. It must
be added that V' and Ry, being strong functions of the undercooling (AT') and the interfacial

energy (o), they display only a weak variation with a change in solute interdiffusivities.

6.3 Summary

In this chapter, we develop an analytical theory describing the problem of isothermal dendrite
growth in multi-component alloys in 2D. Our theory predicts the dendrite tip-velocity ('), den-
drite tip-radius (Ry;,) and the interfacial phase concentrations for any given undercooling AT
and the interdiffusivity matrix [D] in the liquid. Thus, we generalize the work of Ivantsov [30],
and Horvay and Cahn [31], to any generic multi-component alloy, for both independent and
coupled diffusion of solutes and consider several different estimates for the dendrite tip-radius
(R:p) including the classical “Marginal Stability” [32] and “Microsolvability” [35] criteria. From
our previous work in Chapter 5 where we present a linear stability analysis of a planar growth

front in a multi-component alloy, we derive the complete expression for the “Marginal Stabil-
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Figure 6.9: Plots showing the variation of the phase compositions, (a)c}, (c) c%, (e) i (g)
1% with undercooling (AT). They are compared against the phase concentrations selected at
a planar interface during steady-state growth, which are displayed in (b)c, (d)cg, (£)ci and

(g)cgqmd. The diffusivity matrix is diagonal with Dy4 = 2.0, Dgg = 1.0, and the anisotropy
strength is ¢ = 0.01.
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Figure 6.10: Plots showing the variation of, (a)tip velocity (V'), (b) tip radius (Ry,) with
undercooling (AT). The diffusivity matrix is diagonal with Ds4 = 2.0, Dgg = 1.0, and the
anisotropy strength is ¢ = 0.02.

ity” criterion and compare it with the predictions from other conventional estimates of Ry;,. In
this chapter, we present a comparative study of the predictions from all these criteria including
the ones from phase-field simulations, for different choices of the diffusivity matrix and the
strength of the anisotropy in the solid-liquid interfacial energy ({). We show that our analyt-
ical calculations, for all estimates of [, predict trends which are in very good agreement to
those obtained from phase-field simulations with the criteria of “Microsolvability” and “Fitted
Marginal Stability” being the closest to simulation predictions.

An understanding of the dependence of tip-radius (Ry;,) on the solute diffusivities in a multi-
component alloy can be naturally extended to the selection of primary arm spacing during
directional solidification in such alloys. Also, a study similar to the one reported by Tourret
and Karma [210] for binary alloys, can be conducted for multi-component alloys, where the
process of microstructure selection during competitive growth of several dendrites with varying
misorientations can be attempted to be understood in the context of the differences in diffusion
distances associated with the different solutes. This provides an exciting scope for future work
and we conclude this chapter by presenting a simple directional solidification simulation in
Fig. 6.19 where the dendrites have a well-defined misorientation to the direction of the imposed
temperature gradient (which is vertically upwards) which reveals an interesting process of the
genesis of the primary arms. Here, the secondary arms grow and impinge on the vertical wall
forming a nuclei at the bottom left hand corner of the simulation domain which henceforth

grows along the direction of the primary arms.
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Figure 6.11: Plots showing the variation of the phase compositions, (a)c%, (c) ¢, () ¢, (g)
c%qmd with undercooling (AT). They are compared against the phase concentrations selected at
a planar interface during steady-state growth, which are displayed in (b)c, (d)cg, (£)ci and
(g)cgqmd. The diffusivity matrix is diagonal with Ds4 = 2.0, Dgg = 1.0, and the anisotropy

strength is ¢ = 0.02.
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Figure 6.12: Plots showing the variation of, (a)tip velocity (V'), (b) tip radius (Ry,) with
undercooling (AT). The diffusivity matrix is diagonal with Ds4 = 1.0, Dgg = 2.0, and the
anisotropy strength is ¢ = 0.01.
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Figure 6.13: Plots showing the variation of the phase compositions, (a)c%, (c) ¢, (e) N )
1% with undercooling (AT). They are compared against the phase concentrations selected at

a planar interface during steady-state growth, which are displayed in (b)c, (d)cg, (£)ci and

(g)cgqmd. The diffusivity matrix is diagonal with Ds4 = 1.0, Dgg = 2.0, and the anisotropy
strength is ¢ = 0.01.
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Figure 6.14: Plots showing the variation of, (a)tip velocity (V'), (b) tip radius (Ry,) with
undercooling (AT). The diffusivity matrix is diagonal with Ds4 = 1.0, Dgg = 2.0, and the
anisotropy strength is ¢ = 0.02.
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a planar interface during steady-state growth, which are displayed in (b)c%, (d)c%, (f)
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c, 7, and

(g)cgqmd. The diffusivity matrix is diagonal with Ds4 = 1.0, Dgg = 2.0, and the anisotropy

strength is ¢ = 0.02.
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Figure 6.16: Plots showing the variation of @ = VR, as a function of AT, from (a) phase-
field simulations, and (b) “Marginal Stability” and “Complete Marginal Stability”. The three
numbers appearing in the figure legends in (a) denote D44, Dpp and ( respectively. The first
element in the figure legend denotes the criterion for estimating Ry;,; “MS” denotes “Marginal

Stability”, and “Complete” stands for “Complete Marginal Stability”.
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Figure 6.17: Plots showing the variation of (a) V, and (b) Ry, with undercooling AT for
different solute diffusivities. The first number in the figure legend denotes D44 and the second

denotes Dpgp.
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Figure 6.18: Plots showing the variation of (a) 2", and (b) ¢ with distance from the

interface (denoted by ) for an undercooling of AT = 0.1. The three numbers appearing in
the figure legends in (a) denote D a4, Dpp and ( respectively.

(d) ()

Figure 6.19: Dendrite formation during directional solidification at times (non-dimensional)
of (a)6 x 10°, (b) 6.4 x 10°, (c) 7.0 x 10°, (d) 7.4 x 10°, and (e)8 x 10° shown by plotting
the c4 field. The magnitude of the anisotropy is ( = 0.01 and the frame of the crystalline
anisotropy is rotated by 30°(clockwise) to the laboratory frame. The solute diffusivities are:

Dya = Dpp = 2.0. The sample pulling velocity (V') and the thermal gradient (G) are set to:
V =0.005 and G = 9.675 x 1075.
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Chapter 7

Theoretical and numerical investigation
of multi-phase growth in a

multi-component system

Jackson-Hunt [8] proposed an analytical technique to determine the undercooling at the inter-
face separating the parent liquid phase from the product solid phases during eutectic solidifi-
cation. The calculation is specific to invariant transformations (number of degrees of freedom
being zero) and invokes several assumptions. The principal amongst them being the assumption
of compositions and volume fractions of the solid phases given by the phase diagram.

In this chapter, we generalize the Jackson-Hunt calculation to be equally valid for invariant
as well as non-invariant transformations. Furthermore, instead of assuming compositions and
solid phase fractions to be given by the phase-diagram, our theory calculates them as part of
the solution process, using the knowledge of the functional dependence of the free energies on
composition and temperature. In the following sections, we successively revisit the classical JH
calculation as proposed by Jackson and Hunt [8], following which we present our theory and
compare its predictions against those obtained from phase-field simulations. We conclude with

a short discussion on the accuracy of our theoretical predictions.

7.1 Analytical theory

7.1.1 The Jackson-Hunt calculation

In order to motivate our present work let us re-visit the main results of the classical Jackson-

Hunt analysis as detailed in [8], for deriving the undercooling vs spacing relationships for
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two-phase growth in a binary alloy. The situation is modeled by considering a repeating rep-
resentative unit of two phases v and 8 growing in a directional solidification set-up where the
imposed temperature gradient (G) at the interface traverses with a velocity V, that sets the

rate of solidification. The undercooling at each interface can be written as,
AT* = —miy(h — &) + T, (7.1)

where, Eg represents the average composition in the liquid in local equilibrium with the v-th
phase (v = «, ) and cE represents the eutectic composition. m% is the liquidus slope. T', and
k., denote the Gibbs-Thomson coefficient and the interfacial curvature, respectively.

The classical Jackson-Hunt solution starts by writing the composition profiles as a Fourier
series (see Eq.7.2). The solution to Fourier amplitudes (all except the boundary layer com-
position, or the zeroth order Fourier mode Ij) is derived as described in sec. 7.1.2 such that
the governing equations as well as the Stefan conditions are satisfied. A corresponding generic
analysis for invariant eutectic growth in multi-component systems is laid out in [39].

A short description about the zeroth order mode which also partly sets the motivation of
the rest of the chapter is in order. The zeroth order Fourier mode I as described by Eq.7.11
for a binary alloy with solute I = B reads, By = |c¢%1q + o (1 — na)} — [caBna + (1 —na)],
where c%/ A represents the liquid compositions in equilibrium with the «/( interfaces, 7, is the
volume fraction of the o phase. If one uses the volume fractions and compositions at the eutectic
temperature (as for the other Fourier modes) for determining the boundary layer composition
By (far-field composition is at the eutectic) it would result in zero and the corresponding
undercoolings at the interface using Eq.7.1 would not be equal. This calculation, would also
be physically incorrect, as the phase compositions deviate from their values at the eutectic
temperature. Jackson and Hunt in their analysis, treat this difficulty by keeping the By as an
unknown which is fixed by the condition that the undercoolings at both solid-liquid interfaces
are equal, while the volume fractions 7, at the eutectic temperature are utilized for computing
both the constitutional and curvature undercoolings. In general, one can solve this problem of
invariant growth for a multi-component system as in [39], where it has been shown to agree
well with experiments as well as phase-field simulations.

For the mono-variant reaction however, for instance in a two-phase growth in a ternary alloy,
there would be two boundary layer compositions, whereas the equality of a common undercool-
ing imparts only a single equation, thereby the system of equations become under-determined.
The system of equations can only be made deterministic by invoking the functional dependence

of the boundary layer compositions on the phase compositions and the solid-fractions. This mo-

135



7. THEORETICAL AND NUMERICAL INVESTIGATION OF MULTI-PHASE
GROWTH IN A MULTI-COMPONENT SYSTEM

X?

Ll(]llld I Along X-X’
iL‘Q)\ : 1'1)\ IE22\ .%'M C’lp
1 O

TpA rey c;

v

K\

Figure 7.1: Schematic showing the different variables characterizing the steady-state eutectic
growth.

tivates our present derivation, which in spirit unifies the theories of in-variant and multi-variant

eutectic growth.

7.1.2 Theory

The following discussion is generic to a directionally solidifying multi-component alloy of K
components (with K — 1 of them being independent), displaying a eutectic reaction with N
solid phases, possessing F' = K — N degrees of freedom. In the following discussion, the indices
1 and j are reserved for solutes, while v and p denote the solid phases appearing due to eutectic
solidification. In this subsection, we describe the process of determining the composition fields
in the liquid (¢;) ahead of the eutectic front as functions of the lamellar width (), the solid
phase fractions (7),, for the p-th solid phase), and the solute diffusivities in the liquid (D;;).
We present an expression of the undercooling at every solid (p)-liquid interface by summing
the constitutional undercooling determined by the liquid compositions in local equilibrium with
the solid phase p (¢ l), and the curvature undercooling determined by the solid phase fraction
(1,), alongside the lamellar width (). The different composition variables and the solid phase
fractions are also pictorially defined in the schematic in Fig. 7.1. We conclude this subsection
by stating our approach for solving the set of equations stemming from the assumed equality of
undercoolings ahead of the different solid-liquid interfaces in a periodic unit of lamellae. The
key symbols employed in the mathematical description is presented in Table. 7.1.

Though, we present the theory assuming independent diffusion of solutes in the liquid (no
diffusion in the solid), it can be considered to be representative of a system with non-zero

off-diagonal terms in the diffusivity matrix, when such an analysis is carried out in the basis
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K the no. of components
N the no. of phases
A the lamellar width
Mp the solid-phase fracton of the p-th phase
¢ concentration of i-th component in liquid
cr concentration of i-th component in liquid at far-field
g average concentration of i-th component in liquid
’ at the interface in local equilibrium with the p-th solid
7 average concentration of i-th component in the p-th solid
E at the interface in local equilibrium with the liquid
m¥ the liquidus slope corresponding to the p — [ equilibrium
Rp average curvature of the solid(p)-liquid interface
ATP average undercooling ahead of the solid(p)-liquid interface
—5 average diffusion potential of the i-th component
Hi in the liquid in local equilibrium with solid p
D;; (1,j)-th component of the diffusivity matrix
r, the Gibbs-Thomson coefficient of the p — [ equilibrium
e the concentration of the i-th component in the p-th solid at the eutectic
il’* the concentration of the i-th component in the liquid at the eutectic
V the pulling velocity
w2 | the linearization point of the diffusion potential of i-th component for the p — [ equilibrium
T the eutectic temperature

Table 7.1: The symbols used in the analytical derivation.
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system of the eigenvectors of the diffusivity matrix.

Assuming a flat interface, the composition variation in the liquid is of the form [39],

G=c+ Y Lt (7.2)

n=—oo

where, 1 = v/—1, and k, = 27n/\, are wavenumbers characterizing the variation of solute
concentrations in the liquid across a solid-liquid interface aligned along x with the eutectic
solids growing in z. Conformity of Eq. 7.2 to the stationary form of the diffusion equation

given below,

8cl-
0z

‘ 1% VvV \?
i (wﬁ)ﬂ/ﬁ(wﬁ), (7.4)

where D;; denotes the diffusivity of the ith component and V' represents the sample pulling

V——" 4+ DyV?c; =0, (7.3)

leads to,

velocity. Following the discussion in [39], a single wavelength of the eutectic consists of M units
(M >= N) of the eutectic solids with each one of the M units corresponding to one of the
N phases. The periodic variation starts at xg = 0 and terminates at z,; = 1 with the width
of the v-th unit being given by (x, — z,_1) A; the entire wavelength being (x); — 29) A. Thus,
the volume fraction of a particular phase p, denoted by 7,, can be calculated from a single

wavelength of the eutectic lamellae as,

M—1
np - Z (xu—‘rl - xu) 51/1)7 (75)
v=0
where,
1, ifv=np,
5,y = P (7.6)
0, if v#np.

The mass balance across a particular location at the solid-liquid interface for the v-th unit
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can be written as,

Jc;
VA = —D“—Z y 7.7
{= D (77)
z=0,z}
with At = ¢! — ¢, where ¢! and ¢/ denote the liquid and the solid compositions in local

equilibrium at a location x}, on the v — [ interface, respectively.
An expression for the Fourier constants I,,, is obtained by invoking the orthogonality of
the Fourier basis functions while integrating Eq. 7.7 over an entire period () of the eutectic,

leading to,
Ty+1 A

- 2
¢ I\ = I Z / exp(—ik,x)Ad) dz, (7.8)
V=0

where, [; = 2D;;/V, is the diffusion length associated with the i-th component. For the mode
corresponding to n = 0, Eq. 7.8 yields for the i-th component,

xl,+1)\

=3 Z / AdYd. (7.9)

It is beneficial to define average compositions in front of a particular phase p as,

Zyzgl 5up quA Acydz (7.10)
N (@1 — ) Aoy '

which allows us to re-express Eq. 7.9 as,

A

S

N
Iy=>Y mnAd. (7.11)
p=1
Similarly, the average interfacial composition in the solid (?{) and the liquid @ ahead of it is
defined as,

M-1 Tyl l/I/l
i 20 Oup Jon dx

o Zyzo (xu-i-l - xu) >‘6Vp

(7.12)

The theory in [39] following that of Jackson and Hunt [8] provides an expression for g, which
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has the form,

sz?l = C?O + Iy
A
+ l‘fi(Pl(nla"'7?7N)7"'7P7'(nl7"'777N)7
pli
Act, - ,ACZN>, (7.13)
where, each of one of the k infinite series’ Py(n,), k = 1,--- ,r, p =1,--- | N, are composed

of terms which are trigonometric functions of 7,. The value of r and the form of Py(n,) are
determined by the number and repetitions of solid phases in a single periodic unit of wavelength
A. It must be mentioned at this point that the term I represents the principal term determining
the liquid compositions ? at the flat interface, with the secondary influence being due to that
of the higher order modes averaged over the lamellar widths denoted by the final term in the

RHS of Eq. 7.13. An example of such a term for a ternary monovariant eutectic [39],

fi =2P(na) (B - ). (7.14)
P(ng) = P(na) = Z (7?711)3 sin?(mnn,). (7.15)

The average undercooling (ATP) ahead of a particular solid (p)-liquid () interface is given by,

K-1 L
ATP — T* — TP — Z m? (ci* — sz> + IRy, (7.16)

=0

where, m} are the liquidus slopes, T', denotes the Gibbs-Thomson coefficient with the average

curvature of the solid(p)-liquid interface (%,) given by,

_ QSin@,_m

= 7.17
/ﬁ:p 77p)\ ? ( )

where, 0, is the angle made by the tangent to the solid(p)-liquid(l) interface and the horizontal
towards the side of the p-th phase when located adjacent to the m-th phase, and averaged over
all such contiguous arrangements of the solid phases m and p in the entire period.

The fact that the imposed thermal gradient has a length scale much larger than the lamel-

lar width, implies the growth of all the eutectic solids at equal undercoolings, which can be
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expressed as,

ATT=AT? = ... = ATN = AT, (7.18)

Also, the sum of volume fractions of the phases in a single period of the lamellae must be equal

to unity,

N

d =1 (7.19)

p=1

Here, one needs to solve the Eqs. 7.11, 7.13, 7.16, 7.18 and 7.19 simultaneously, in order to
retrieve the phase compositions, the solid fractions and the undercooling of the eutectic growth
front. For this, we need to describe the functional dependence between the solid compositions
?{ and the liquid compositions g We do this by calling upon the relations of the phase
compositions F (,u_f, T) , where ;7 corresponds to the diffusion potential of p — I equilibrium,
averaged over all occurrences of the solid phase p in a periodic unit of the eutectic. This then
reduces the above system, Eqgs. 7.11, 7.13, 7.16, 7.18 and 7.19 in terms of p_f, T, and n,.

A point to note here is that, Senninger and Voorhees [43], replace the Eqs.7.11 with a mass
conservation constraint. Mass conservation is implicit in our set of equations. This can be seen
by considering only those N equations out of the N(K — 1) in Eqs.7.13 which represent the
composition fields of a particular component 7 in the liquid in equilibrium with different solids
(p). Summing over all such equations after multiplying both sides of each of them with the
respective volume fractions 7, gives Iy = Zp gnp — ¢7°. This along with Eqs.7.11 implies that

> &, = ¢, which is the mass conservation equation used by Senninger and Voorhees [43].
However, given that the thermodynamical relations W (,u_f, T> are routinely non-linear,
the resultant set of equations become difficult to resolve. Given that most departures from
equilibrium in case of eutectic reactions are small, we therefore linearize our set of equations
about the chosen eutectic temperature 7™, the average diffusion potentials ,u?’* and the solid
phase fractions 75, corresponding to 7. It must be noted that the equilibrium solid and liquid
phase compositions corresponding to T, 1" and 75, are ¢;”* and ¢} " (same as ¢*), respectively.

This results in a set of linear equations which can be solved for, consistently.

7.1.3 Linearized theory

In this subsection, we express the departures in diffusion potentials, A,u? = /T? — u?’*, as

functions of the departures of solid phase fractions from values given by the phase diagram,
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An, =1, —n;,, and the undercoolings AT'. These relationships are in turn utilized to express
the condition of equality of undercoolings ahead of the different solid-liquid interfaces in terms
of the unknowns An, and AT. After this operation, we obtain a consistent system of linear
equations from which we determine the unknowns A7, and AT

We express the average compositions in the solid (¢!) and the liquid (?) as functions of

diffusion potentials ([L_];) as,

K-1
— oc? 5 /e I—
=" . Apf — —+| ATr 7.20
1 7 + - |:81LLJ:| » /’L‘] aT ) ( )
and,
_ K-1 ! !
H= ey {gcz} A — g;i ATP, (7.21)
= Lok -

where, A_/L? = ,LL_§ — uﬁ»”*, denote the change in average diffusion potentials from their values at
the chosen eutectic point 44", under an additional constraint of constant [Oc;/du;] matrices.
The vector 0! /OT determine the change in composition with temperature at constant diffusion
potentials. The process of determining the constant matrix [0c;/0u;] and the vector dc /0T
is mentioned in Chapter 3 under the section “Thermodynamics” in the subsection “Parabolic
driving forces”. The symbol ¢/ "* is used in favor to cﬁ’* in Eq. 7.21 as it generalizes Eq. 7.21 as
a representation of the solid(p)-liquid equilibrium which can be linearized at any temperature
of choice.

Employing Einstein’s indicial notation which conveys summation over repeated indices (ex-
cept for p in our analysis, which denotes a particular phase), the above equations can be written
as,

o ="+ xLAW - (AT, (7.22)

J

and,

= ' 1, B - (BT, (7.23)
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where,
o’
P =_2 .24
X5 = o, n (7.24)
/'Lj’
oct
L : 2
Xij o, | (7.25)
/'Lj’
oc?
P 7
¢=x (7.26)
T*
oc
=57 (7.27)

Thus, the difference in the average compositions of the solid and the liquid as obtained from

Eqs. 7.20, 7.21, 7.22 and 7.23,

:( Lx >+Kzl< z) AL
1 Opj 8u] Ha

=Ad" + AxfjA,uj ACPATP, (7.28)
where, to obtain the last equality expressed in indicial notation, we have used,

AC?’* — cfl,* . C?*,
o
AXZ = Xij — ij,
A=l ¢ (7.29)
Using, Eqgs. 7.22, 7.23 and 7.28, the 2N (K — 1) composition variables have been expressed as
functions of N(K — 1) intensive variables in the form of change in diffusion potentials Apf,

which can be further related to An,(= 1, — ;) and ATP by invoking equality of Eqgs. 7.13 and
7.21 which provide additional N (K — 1) equatlons, stated in the indicial notation (with no sum

over p and i) as,

&= A — (AT
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_C;;X)—l—[o

A
+Wfi<P1(7h>"' Ny P, ),
pbi

Ad, -+ AcT) (7.30)

The RHS of Eq. 7.30 (or Eq. 7.13), is in general non-linear in Ay, An, and AT?. Thus, to
express Au? as an explicit function of An, and AT?, we linearly expand each term in the RHS

of Eq. 7.30 starting with I, given by,

N K-1

% 8]0 8AC m
o=l Z OAC Z o |,
- ZN: ol AT | <o
= OAc! oT
N
+> Oy Ay, (7.31)
m=1 anm 0k

where, ", T* and n, are the quantities corresponding to the equilibrium in the phase diagram.
The different terms in the RHS of Eq. 7.31 can be computed from Eqs. 7.11, 7.28 and 7.29 as,

ol

0 — g, 7.32

IV (7.32)
AL < acl 60’7)

L= (= : = A\ 7.33
alu’j ub a/”Lj an pox X ( )
OACT oc oct )

ar | . <a_T a aT) T Aw (7.34)
0| _ e, (7.35)
377p -

At this point we introduce the following quantities (no sum over p),

AXE = AT
AP = AL, (7.36)
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to express Eq. 7.31 in indicial notation as,

Iy = Ig + AxG AP — AGPAT™ + Ac" " Anyp, (7.37)

with m and j being the indices representing phases and components respectively, which are
summed over. The second term in the RHS of Eq. 7.30, being only a second-order correction
to the interfacial liquid composition is assumed to be a function of 1/n, only, with all the other
quantities evaluated at the conditions prevailing at the eutectic. This simplifying assumption

is necessary to maintain tractability of the equations. Thus, writing,

fi:fi*<P1(77>1k"" 7777V)"" 7PT(7]I7"' ’nj\f)v

‘Ac}i---ﬂacf*), (7.38)

we re-write the linearized version of Eq. 7.30 indicially, as,

' =" A — GAT? =

7

& + [Ig + AXTAET — ATTAT™

)

. A A ~
oo
where,

and, p is the index which represents a particular solid phase and is not summed over in Eq. 7.39
as well as in the following equations. The quantities enclosed in square brackets in the RHS
of Eq. 7.39 represent expressions obtained by linearizing the individual terms in the RHS of
Eq. 7.30. Eq. 7.39 can be re-written to express the diffusion potentials as a function of the

interfacial undercoolings and solid phase volume fractions as,

X = DG B - A A =

Az *
(cfo+I§+Efi—Cfl’)

p

— AQVAT™ — (AZ - () AT
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! * * A
+ Ac T Ay + (ACZ; - ﬁfa’) Anp, (7.41)
"y
where, a summation over the index m/ runs from 1, --- | N leaving out p. So, Eq. 7.41 represents

a system of N(K — 1) equations which relates the N(K — 1) Aul’s to An,’s and AT?’s. To
describe this dependence, we utilize the linearity of Eq. 7.41 to write an explicit relation of the

form,
Al = RY + RPTTAT™ + R Ay, (7.42)

where, R?, R"""  and RP" are coefficients determined by solving Eq. 7.41 with m being the

lone index which is summed over in Eq. 7.42. These relationships will enable the elimination

of Ap? ' completely from the expressions of the undercoolings ahead of every solid phase given
in Eq. 7.16. Substituting Eq. 7.42 into Eq. 7.37 we write in the indicial notation,

Io = I + BT (R + R AT7 + R An, )

— ACMAT™ + Ac!™ Anyy,

= (I + BXTRY) + (DX Ry AT — AGTAT™)

+ (DX R™ Ay + A An,) (7.43)
where v is an index running over the phases 1,---, N and is summed over along with the

other phase index m. The index j denoting the components is also summed over while ¢
continues to represent a particular component. Terms of similar character are collected within
the parentheses in Eq. 7.43.

The resulting set of equations in 7.16 (/N in number) are then solved for the 2N unknowns
in ATP and An, under the constraints of equality of undercoolings ahead of the solid phases
given by Eq. 7.18 (N — 1 in number) and the sum of the volume fractions of the solid phases
adding up to unity in Eq. 7.19. Substituting Eq. 7.13 into Eq. 7.16, we obtain, in Einstein’s

notation, without summing over p, but summing over 2,

AT? = m? (" = d') + T,

A~
— mf |:C§’* . (cfo + Iy + —fz):|
b

+ TRy, (7.44)
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Linearizing the RHS of the above equation about equilibrium quantities and employing Eq. 7.43

leads to,

ATP =

. . s A
mf (Cli’ — (CZOO + IO + AXZ-LR?L + Eﬁ))
p

+Fp/<;;

~ |ml (BN Ry AT ~ AGTAT™))|

J

mf (AX;;?R;”’"” An, + A" Any,

A - | Y
— — fildn, | + —LAn
7714;2 P 7]* p

p

, (7.45)

where x; is obtained by evaluating Eq. 7.17 for n;. The three terms each enclosed in square
brackets in the RHS of the above equation contain the constants, and the terms linear in AT™
and An,, respectively. We now impose Eq. 7.18 on Eq. 7.45 to re-express it in terms of AT and

An,’s, as follows,

AT

N N
L+ m? (A—X’?Z R - ZA_C%”>
v=1 m=1

AN M * )‘ T
+ | mf (AX?}Rj "t A —?f")
Ty
|
+ p*p Anp
Ty

+ [mp (WR;”’W + Acf/’*)} Any =

? J

* e L
m? (cﬁ — (CZOO + Iy + AXG R + Eﬂ))
b

+ s |, (7.46)

where, v’ is another phase index running from 1 to N except p and is summed over along with
the other phase index m. The component indices ¢ and j are also summed over in Eq. 7.46.
At this stage, we will invoke Eq. 7.19 to eliminate Any from the above set of equations. Now,

Eq. 7.46 represents a system of NV linear equations containing the same number of unknowns in
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AT and Any, -+, Any_1. Solving Eq. 7.46 to compute AT and Any, -+, Any_1, enables the
calculation of A/L}, cee A,uj.v from Eq. 7.42. Thereafter, the phase compositions can be directly
obtained from Eqgs. 7.20 and 7.21.

To summarize, our analytical method involves the following steps:

e For every solid-liquid equilibrium in a single period of the eutectic, the solid and the liquid
compositions averaged over their corresponding lamellar widths are expressed as linear

functions of the corresponding changes in diffusion potentials and undercoolings.

e We also determine the average composition in the liquid in equilibrium with the different
solid phases from the Jackson-Hunt type analysis involving the superposition of multiple
Fourier modes, which is again linearized about the chosen eutectic point to obtain the
liquid compositions as functions of changes in diffusion potentials, undercoolings and
changes in solid phase volume fractions. This also involves expressing the boundary layer
compositions in terms of the departure of diffusion potentials and phase fractions from
their corresponding values at the eutectic temperature along with the undercooling at the

solid-liquid interface.

e Using the equality of the liquid compositions obtained from the earlier steps we derive
expressions of the diffusion potentials as functions of undercoolings and changes in solid

phase fractions.

e Substituting for the liquid compositions using the linearized version of the Fourier series
representation in terms of undercoolings, diffusion potentials and solid phase fractions
into the expressions of the undercoolings at each solid-liquid interface, and enforcing the
isothermal nature of the interface we compute the magnitude of the interfacial undercool-

ing and solid phase fractions.

e Phase compositions get automatically determined due to their explicit and implicit (due
to diffusion potentials) dependence on undercooling alongside their dependence on solid

phase fractions.

A point to note over here is while Eq. 7.42 relates the deviations of the diffusion potentials
A_uf with the deviations of the solid fractions and the undercoolings, one can additionally
invoke the condition of local thermodynamic equilibrium at the interface (including curvature)
and thereby eliminate the undercoolings from the relation in Eq. 7.42. A similar approach
has been used by Senninger and Voorhees [43]. We have tried this out as well and the results

from both approaches are comparable. This completes our theoretical derivation of generic
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multi-component multi-phase eutectic growth. In the following section, we validate our theory
against phase-field simulations of invariant and mono-variant eutectic growth. The phase-field
model used for benchmarking our analytical results is the Grand-Potential model proposed
by [200, 151], with the driving forces assumed to be parabolic functions of diffusion potentials.
The concerned formulations are described in details in Chapter 3. We begin with the study of

a monovariant eutectic growth problem.

7.2 Results: Two-solid phases in a ternary system

In this section we employ both the analytical and phase-field models described above to study
the solidification of two solid phases in a ternary alloy and compare the predictions from these
two techniques for different solute interdiffusivities in the liquid. Although, the analytical
theory and phase field model are general enough to describe the solidification at off-eutectic
compositions, we restrict our study to eutectic compositions only.

The solid phases in the ternary monovariant eutectic are anointed as o and 8 with the
independent components constituting the ternary alloy being A and B. All our studies assume
negligible solute diffusivity in the solid compared to the liquid. We will first consider a model
alloy whose solid compositions are symmetrically located with respect to that of the liquid and

follow it up with a similar study of a monovariant eutectic reaction in the Ni-Al-Zr alloy system.

7.2.1 Calculation of 7, and 7;

A three phase equilibrium («, 8 and liquid) in a ternary system is associated with a single
degree of freedom as it can exist over a range of temperatures. During directional solidification,
the far-field liquid composition can be found to correspond to a particular temperature (7*) in
the equilibrium phase diagram at which it is in equilibrium with two other solid phases. If such
a liquid is assumed to solidify at this temperature, the volume fractions of the resultant a and
f3 phases are what we refer to as i, and 7}, respectively. As there are two independent far-field
compositions in a ternary system, we invoke two artificial phase fractions 7;, and 7 # (1 — ;)

to solve for,

¢ = Sl + A,

¢ =l + . (7.47)
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i 0.74
c 0.18
& | 018
&Zo1 074

™ | 0.36
A 0,36

m$y 0.45
ms 0.0
mh | 0.0
mh, | 0.45
G| 0.0005
vV | 001

Table 7.2: Table depicting all the material parameters

consistently. In general, 7, + 75 # 1 and we compute the normalized volume fractions,

77/
T =+ ur
\ s
_ , 7.48

obeying 7, + 735 = 1 and serving as values of the volume fractions about which linearization is

performed.

7.2.2 Model symmetric system

To isolate and understand the effect of differences in solute diffusivities on the eutectic growth
dynamics, we select a system where the equilibrium phase compositions of solid phases are
symmetric with respect to the liquid composition (see Table. 7.2). Also, as this is a model
system, we consider arbitrary non-dimensional model parameters for different properties of the
phase diagram like the liquidus slopes, which are chosen to be consistent with this symmetry,
(see Table. 7.2) as well as the thermodynamics related to the free-energy densities of the phases.
Also, all quantities having dimensions of length can be understood in the context of the diffusion
length 2D;;/V = 400, (corresponding to Dsa = Dpp = 2.0) and the width of the diffuse
interface in the phase-field simulations, which is ~ 15.

The phase compositions are denoted by ¢, and the liquidus slopes by m! where i = A, B
and p = «, 3, liquid. G denotes the thermal gradient and V' the pulling velocity.
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We begin with the study of a system with identical a-liquid and §-liquid interfacial energies
which serves as a reference when we attempt to understand the dynamics of systems displaying

dissimilar interfacial energies of the eutectic solids with liquid.

Equal a-liquid and $-liquid interfacial energies

The equality of a-liquid and S-liquid interfacial energies leads to 0,5 = 03, = 30°with the
Gibbs-Thomson coefficients computed to be I', = I'g = 0.77 for the particular thermodynamics
employed. We present analytically calculated variations of interfacial undercoolings (AT, solid
phase volume fractions (7,) and compositions of the a and the  phases with scaled lamellar
widths (M) in Figs. 7.2 and 7.3 and compare them against predictions obtained from phase
field simulations. The diffusion lengths given by 2D/V is used to scale the lamellar widths,
D corresponds to the maximum among the solute diffusivities. It is important to describe
the process of extracting the different quantities of interest from phase-field simulations at
this point, which is common to all the plots in this chapter containing simulation data. The
undercooling at each point on the interface are determined by their location in the imposed
temperature field which are then averaged to yield the average undercooling at the interface
AT'. The phase-fields ¢, corresponding to one of the solid phases indicate the local volume
fraction of the same at a particular grid point. Hence, a ratio of the sum of the phase field
representing a particular solid phase p over the entire domain to the sum of all the phase-fields
representing solid phases over the same domain is a measure of the solid phase fraction of p
denoted by 7, (in short, 7, = > " &/ D D mesoia Pm» §2 refers to the simulation domain). The
compositions of a solid phase p are determined by averaging over the compositions from every
grid point belonging to the solid (given by ¢, = 1).

As can be seen from Fig. 7.2(a), the analytical and phase-field calculations are in very good
agreement as far as the predictions in A, (the lamellar width corresponding to the minimum
in AT') are concerned. The close agreement between the analytical theory and the phase field
simulations are also evident from the variations of 7, versus A presented in Fig. 7.2(b) and the
variation of the average solid phase compositions in Fig. 7.3. The deviations of analytically
computed values of AT (in Fig. 7.2(a)) from those obtained from phase field simulations can
be attributed to the inherent assumptions in the Jackson-Hunt calculations, where a planar
interface is used to approximate the diffusion-field ahead of the solid interfaces, which are
in reality curved for a system with isotropic surface energies. This mismatch has also been
shown before [148], and a concomitant comparison of the phase-field method with calculations

based on the boundary-integral method have proved that the predictions of the phase-field
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Figure 7.2: Plots showing variations of (a)AT, and, (b) 7,, with Peclet number Pe = A\V/2D,
during two phase growth in a model symmetric ternary alloy. The pulling velocity is V' = 0.01
and D is taken to be the largest solutal interdiffusivity and is set at 2. The first position in
the figure legends in (a) and (b) indicates whether the plotted data comes from theory (T) or
simulations (S); the second and third positions represent values of D4 and Dpgp respectively.

method are more accurate in this regard. Fig. 7.3 also reflects that although the trends in the
composition variations derived from the analytical calculations are captured well in the phase-
field simulations, the differences in magnitude of the errors are dependent on the magnitude
of asymmetry in the problem. A discussion on this particular aspect can be appreciated in
the later discussion on the limitations of the analytical calculations. Additionally deriving the
average interfacial compositions from the phase-field simulations is error prone, due to which
we see larger errors in the average compositions than in the corresponding volume fractions.

From Fig. 7.2(a), it can be seen that lowering either of the solute diffusivities leads to a
reduction in the length scale of the eutectic (\;,) with a consequent rise in AT. This is a result
of a lowered effective diffusivity leading to a lower effective diffusion length. As a reflection
of the inherent symmetry in the system, the theoretical calculations for AT vs A are exactly
identical for D4 = 2.0, Dgg = 1.0 and Dy = 1.0, D = 2.0.

For equal solute diffusivities the volume fractions of the eutectic solids are the same, but
Fig. 7.2(b) reveals that for Daq = 2.0, Dgg = 1.0, a phase occupies a larger solid fraction
(Mo > 0.5) of the lamellar width (A); the same observation being valid for 5 when Dyq =
1.0, Dgg = 2.0.

Physically, the change in the volume fractions can be seen as a consequence of asymmetric
changes in the constitutional undercooling at each solid-liquid interface. Starting from a purely

symmetric state with equal volume fractions, a situation of higher D44 in comparison to Dgp
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Figure 7.3: Plots showing variations of phase concentrations, (a)c%, (b) ¢%, (¢) ¢ and (d) ¢,
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with Peclet number Pe = A\V/2D, during two phase growth in a model symmetric ternary alloy.
The values of V' and D are the same as described in the caption to Fig. 7.2. The figure legends
can be interpreted in the same way as described in the caption of Fig. 7.2.

153



7. THEORETICAL AND NUMERICAL INVESTIGATION OF MULTI-PHASE
GROWTH IN A MULTI-COMPONENT SYSTEM

would result in a lower undercooling ahead of the a — [ interface than the 5 — [ interface. To
recover an isothermal situation between the two interfaces, would require the o — [ interface
to assume an interfacial curvature that is greater than that acquired by the a — [ interface
when mechanical equilibrium is maintained at the trijunction. This departure from equilibrium
acts as a driving force, where mechanical equilibrium is re-established through an increase in
the volume fractions of the phase a. This explains the observed variation of 7, with A in
Fig. 7.2(b). A similar argument can be made with respect to the lowering of the value of D44
with respect to Dpp (see Fig. 7.2(b)), where it must be noted that as a consequence of the
underlying symmetry in the system that the n, vs A curve for Daq = 1.0, Dgg = 2.0 can
be reflected about the n, = 0.5 line to obtain the variation for Dyq = 2.0, Dgg = 1.0. In
general, any change(change in diffusivity, interfacial energies etc.) which causes an increase
in the undercooling of a particular phase-liquid interface would need to be offset through an
appropriate decrease in the interfacial curvature which can be affected only through a departure
of the angles at the triple-point to lower values than that exists at equilibrium, keeping the
same phase fractions. This departure acts as a driving force to establish equilibrium which is

achieved by a decrease in the volume fraction of this phase.

Model system with unequal a-liquid and (-liquid interfacial energies

Here we probe the effect of unequal surface energies on the steady-state monovariant eutectic
growth dynamics while retaining the symmetry in the phase compositions and the liquidus
slopes from the model system just discussed. The thermal gradient G and the sample pulling
velocity V' are also kept to be the same as in the previous section. The interfacial energies are so
chosen such that 0,3 = 30°and 0g, = 45°with the Gibbs-Thomson coefficients being I', = 0.77
and I's = 0.94. Fig. 7.4 shows the variation in AT and n,, while, Fig. 7.5, depicts the variation
in solid phase compositions with A obtained from both analytical and phase field calculations.

The variation of AT with A reported in Fig. 7.4(a) presents a departure from the symmetry
observed in Fig. 7.2(a) as the curves corresponding to Dgsa = 2.0,Dpp = 1.0 and Dgys =
1.0, Dgp = 2.0 do not overlap. This is a consequence of the dissimilar energies of the two
eutectic solid-liquid interfaces. However, the variation of the phase compositions, minimum
undercooling spacings and the variation of the undercoolings are similarly captured by the
simulations and the theoretical calculations.

Furthermore, while the trends in the variation of the 7, with X\ are effectively captured for
all the cases, the magnitude of variation between the simulations and theory is larger than

the previous simulations with the symmetric interface properties. The reason for this is the
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Figure 7.4: Plots showing variations of (a)AT, and, (b) 74, with Peclet number Pe = A\V/2D,
during two phase eutectic growth in a model symmetric ternary alloy with unequal interfacial
energies. The values of V' and D are the same as described in the caption to Fig. 7.2. The
figure legends can be interpreted in the same way as described in the caption of Fig. 7.2.

asymmetric nature of the interface shapes, where in the phase-field simulation the 5 —1 interface
is ahead of the a — [ interface (see Fig.7.6) and thereby clearly the interfacial undercoolings of
the two phases are not the same. Additionally, the departure from a planar interface is higher
for the f—1 interface compared to the a—[ interface, which also implies that this brings in added
asymmetry with respect to a mismatch with the analytical calculations which are performed for
a planar interface. Thereby, now any change in the interface shape which reduces the curvature
of the g — [ interface decreases the disparity between the analytical calculations and phase-
field simulations and additionally with increasing curvature differences between the o — [ and
[ — [ interfaces, the discrepancies between the theoretical predictions and simulation results
also increases. Thus, this brings to light a limitation of the analytical calculations, which work

best when interfacial shapes of the solid-liquid interfaces are similar.

7.2.3 Ni-Al-Zr alloy system

In this section, we study the steady-state dynamics of monovariant eutectic growth in a Ni-Al-
Zr alloy at the backdrop of the insights developed in the previous section. Our calculations are
performed using non-dimensionalized numbers. The non-dimensionalization of the dimensional
numbers are carried out by scaling them using the characteristic length scale (I*), time scale

(t*) and energy scale (f*), computed as,

fr= , (7.49)
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Plots showing variations of phase concentrations, (a)c%, (b) ¢%, (c) ¢ and (d)

ternary alloy with unequal interfacial energies. The values of V' and D are the same as described
in the caption to Fig. 7.2. The figure legends can be interpreted in the same way as described
in the caption of Fig. 7.2
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Figure 7.6: Plot showing the locations of the @ — [ and the g — [ interfaces in the system with
unequal o — [ and § — [ interfacial energies with D4 = D = 2.0.
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The scale of the diffusivity for the alloys used in our study is [D;;]" = 1.0 1072 m?/s, and,
the molar volumes are given by, V,, = 10.0 107¢ m?3 /mol. The temperature scale is set by the
liquidus slope, 0T /0ca = —3000K corresponding to the Ni;Zry phase. The second-derivatives
of free energies w.r.t composition are treated as constants. The surface tension is taken to
be o* = 1.0J/m? The equilibrium phase compositions at the temperature of interest are:
% = 0.67,¢% = 0.32,¢ = 0.74, ¢ = 0.0034, ¢, = 0.69,¢5 = 0.19 with the liquidus slopes
being m4 = 0.37,m% = 1.08,m; = —0.07,m5 = —1.0. The Gibbs-Thomson coefficients are
I'y = 1.13,I'3 = 0.81 with the contact angles 0,3 = 63, = 30°. The non-dimensional thermal
gradient (G) and the sample pulling velocity (V') both have the same value as reported in
the sections on model alloys which when converted back to the dimensional setting, yields
V =0.025m/s and G = 3.7510° K /m. We present the variations in AT and 7, in Fig. 7.7 while
the corresponding variations in solid phase compositions are presented in Fig. 7.8.

From all the diffusivity combinations studied it can be said that the equilibrium phase
compositions and the liquidus slopes are such that a higher volume fraction of « is the preferred
morphology. Furthermore, it can be seen from Figs. 7.7(a) and 7.7(b), that the dynamics is
much more sensitive to a change in Dgp compared to a change in D 44. The undercoolings are
found to be much higher for Dg4 = 2.0, Dgg = 1.0 than for the other two situations studied,

with an accompanied shift in length scales (A;,) towards smaller values. Also, 7, displays a
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Figure 7.7: Plots showing variations of (a)AT, and, (b) 74, with Peclet number Pe = A\V/2D,
during two-phase growth in a Ni-Al-Zr alloy. The values of V' and D are the same as described
in the caption to Fig. 7.2. The figure legends can be interpreted in the same way as described
in the caption of Fig. 7.2.

steady rise with A which is much steeper for Doy = 2.0, Dgg = 1.0 compared to the other two
diffusivity configurations studied. The variations of the solid phase compositions are depicted
in Fig. 7.8.

7.3 Results: Three phases in a model ternary system

Following up from the previous studies on two-phase mono variant growth, in this section
we investigate three-phase invariant growth. Contrary to two-phase growth where there is a
single possibility for the lamellar arrangement of the phases, for the case of three-phase growth
there exist infinitely many configurations (e.g., af8vy,afavy...). In the following discussion,
we consider two such possibilities for study, using both analytical calculations and phase-field
simulations. Here, we conduct simulations for the different choices of the diffusivity matrices
and compare the predictions of the phase compositions and the volume fractions between the
phase-field simulations and the theoretical predictions. The equilibrium phase compositions
at the temperature of the invariant eutectic alongwith the liquidus slopes are presented in
Table. 7.3. The Gibbs-Thomson coefficients are I'y, = I'3 = I, = 1.558 with the contact angles
Oop = O0ga = 03y = 0,3 = 0oy = 0, = 30°. The directional solidification conditions are kept
the same as in the study of monovariant eutectic growth in ternary alloys. Again, this being
a model system, the non-dimensional parameters reported, can be understood in reference to
the diffusion length and the phase-field interface width which remain the same as in the model

monovariant eutectic system.
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Figure 7.8: Plots showing variations of phase concentrations, (a)c%, (b) ¢%, (c) ¢ and (d) ¢

with Peclet number Pe = AV/2D, during two-phase growth in a Ni-Al-Zr alloy. The values
of V and D are the same as described in the caption to Fig. 7.2. The figure legends can be
interpreted in the same way as described in the caption of Fig. 7.2.
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5 | 0.706
¢ | 0.146
<y 1 0.146
& 1 0.706
¢, | 0.146
¢}, [ 0.146
d, 10333
¢y | 0.333
m% | 0.91
mg | 0.0
mh | 0.0

m? | 0.91
m) | —0.91

my | —0.91

Table 7.3: Table depicting all the material parameters

We first consider the simplest arrangement a3, where for the case of equal diagonal diffu-
sivities, we get excellent agreement between our theory and phase-field simulation results (see
Fig. 7.9), which is reflected not only in the variations of the undercooling with spacing, but
also in the compositions of the phases (see Fig. 7.10). The equality of solute diffusivities along
with the symmetry of the phase diagram result in the same constitutional undercooling ahead
of the o — liquid and the § — liquid interfaces, which, in combination with the equal o — liquid
and the 8 — liquid interfacial energies, ensure that there is no driving force for a change in the
solid phase volume fractions which remain at (., 13, 7,):(1/3,1/3,1/3) for all A.

However, for the case of unequal diffusivities, an inference from the phase-field simulations
can be seen in Fig. 7.11 where we notice a tilt in the lamellar arrangement with respect to the
growth direction.

We note that this tilt is not an ”instability” that occurs beyond a spacing as has been
reported during two and three-phase growth [211, 212], rather is a growth mode that is selected,
which has also been found in previous three-phase growth simulations although due to different
conditions [157]. The origin of the tilt may be associated with a loss of equality of phase
fractions as seen in Fig.7.11(c) which is in contrast to the completely symmetric situation with
equal diffusivities. In an earlier paper [39], we discuss that in the completely symmetric phase
diagram with equality of all interfacial energies and diffusivities, quasi-symmetry planes may be
thought to exist passing through the center of each phase lamella where a reflection operation

followed by a phase inversion restores the original configuration. This symmetry is lost with
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Plots showing variations of (a)AT, (b) 7., and (c) ng, with Peclet number Pe =
AV/2D, during three phase eutectic growth in a model symmetric ternary alloy. A single
wavelength of the eutectic solids has the configuration: afvy. The values of V and D are the
same as described in the caption to Fig. 7.2. The figure legends can be interpreted in the same
way as described in the caption of Fig. 7.2.
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Figure 7.10: Plots showing variations of phase concentrations, (a)c%, (b) ¢%, (c) ¢5, (d) ¢, (e)

¢y, and (f) ¢} with Peclet number Pe = A\V/2D, during three phase eutectic growth in a model
symmetric ternary alloy. A single wavelength of the eutectic solids has the configuration: a/3-.
The values of V' and D are the same as described in the caption to Fig. 7.2. The figure legends
can be interpreted in the same way as described in the caption of Fig. 7.2.
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Figure 7.11: Plots showing orientations of all the interfaces for, (a)Dssa = Dpp = 2.0, and
(b)Daa = 2.0, Dgp = 1.0, during three phase eutectic growth in a model symmetric ternary
alloy. A single wavelength of the eutectic solids has the configuration a/f3y. The differential
phase fractions of «, § and 7 phases as a function of Peclet number Pe = A\V/2D, during steady

state growth, when D4 = 2.0, Dgp = 1.0, is depicted in Fig. 7.11(c). The values of V' and D
are the same as described in the caption to Fig. 7.2
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the change in the volume fractions, where all three volume fractions become different with the
change in the diffusivities (see Fig. 7.11(c)). Clearly, this is a prediction that is impossible
to derive from the theoretical calculations that we present in this chapter, and is certainly a
limitation of the applicability of such calculations. More elaborately, in order for the theoretical
predictions to be effective, one must have the information about the steady-state growth mode
that is either derived experimentally, or through simulations.

The next arrangement afSay however, possesses, two mirror axes, passing through the § and
the v phases. Going by the symmetry arguments placed in a previous paper [39], a steady-state
growth mode where the lamellae are aligned with the growth direction, is therefore expected.
We repeat the simulation and analytical calculations for this configuration for different diffu-
sivities, and the results are reported in Figs. 7.12 and 7.13. It is important to note that for
this configuration a short wavelength instability exists which results in the transformation of
the afay to afy occurring below a critical wavelength (see discussion in [39]). Thereby, we
limit our analysis to only the stable lamellar states. For these spacings, we again derive an
excellent agreement for the undercooling vs spacing variations, volume fractions and the phase
compositions, between phase-field simulations and theoretical predictions. Due to the variation
in the stability regimes we have limited our calculations for the case of only unequal diffusivities
Dys =1.0,Dpp = 2.0, as the stability region for the contrary case of Dy4 = 2.0, Dgg = 1.0 is

very small.

7.4 Limitations of the assumptions in the analytical cal-

culations

In this section, we discuss the potential errors and limitations of the analytical calculations
based upon the comparison with results obtained from the phase-field simulations. One of the
major assumptions in the analytical calculations is that of equal undercooling at the solid-liquid
interfaces, that is required for the closure of the equations. The plots in Figs.7.14(a) and 7.14(b)
highlight the differences between the undercoolings along the solid-liquid interfaces and those
derived from the analytical calculations. It can readily be seen, that while for the symmetric
situation in Fig.7.14(a), the equality of average undercoolings at the two solid interfaces seems
quite adequate, the same however cannot be said for the asymmetric situation of unequal
diffusivities as seen in the Figs.7.14(b), where the difference between the average undercoolings
from the phase-field simulations between the solid phases also varies with the spacings.

Additionally, in Fig.7.14(a), the difference between the magnitude of the undercooling pre-
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Figure 7.12: Plots showing variations of (a)AT', (b) 7., and (c) 7, with Peclet number Pe =
AV/2D, during three phase eutectic growth in a model symmetric ternary alloy. A single
wavelength of the eutectic solids has the configuration afary. The values of V and D are the
same as described in the caption to Fig. 7.2. The figure legends can be interpreted in the same
way as described in the caption of Fig. 7.2.
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Figure 7.13: Plots showing variations of phase concentrations, (a)c%, (b) ¢, (¢) ¢, (d) ¢,
(e) ¢}, and (f) ¢ with Peclet number Pe = AV/2D, during three phase eutectic growth in a
model symmetric ternary alloy. A single wavelength of the eutectic solids has the configuration:
afay. The values of V' and D are the same as described in the caption to Fig. 7.2. The figure
legends can be interpreted in the same way as described in the caption of Fig. 7.2.
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Figure 7.14: Plots showing temperature variation across the solid-liquid interface, during two-
phase growth in a model symmetric alloy, with diffusivities, (a)Daa = 2.0, Dpp = 2.0, and, (b)
Daa =2.0,Dgp = 1.0. The three different colors correspond to three different lamellar widths,
as described in the figure legend. The open-circles correspond to points on the a — liquid
interface while the open-triangles correspond to points on the 5 — liquid interface.

dicted by the phase-field simulation and the analytical calculation can be attributed to the
assumption of a planar interface (for the diffusion field) in the theoretical calculations. This
error therefore, should become smaller with increase in the spacing, which is also reflected in
Fig.7.14(a). For the asymmetric case in Fig.7.14(b), there is an additional effect of change
in volume fractions with the change in spacing. As seen from the results in the phase-field
simulations the interface shapes of the two solid phases are similar for smaller A and thereby
the error due to the assumption of equal undercoolings of the phases should be the least. With
increase in A\, due to the change in the volume fractions, while one of the solid phases moves
closer to a planar interface, the converse occurs for the smaller solid phase. Thus, the two
assumptions of equal undercoolings of the solid-liquid interfaces and planarity become increas-
ingly non-realistic with increase in the spacing, which is evident from the comparison between
the average undercoolings obtained from the analytical calculations and those derived from
phase-field simulations. The arguments placed herein, are also valid in explaining the devi-
ations in other asymmetric simulation situations involving different interfacial energies which
have been studied in the previous sections. Following this discussion, for ternary three phase
eutectics, lamellar units involving multiple appearance of the same phases, e.g., afSay, where
the « phase fractions are half of the thicknesses of the g and v phases, and afa/fv, where even
the individual o phases may not be of the same width, the assumption of equal undercoolings
at the different solid-liquid interfaces is not very appropriate for equal as well as unequal solute

diffusivities.
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An alternate way to predict the dynamics where we do not invoke the equality of undercool-
ings at the solid-liquid interfaces, would be to generalize the approach in [166, 165] to multi-
phase, multi-component systems. The undercoolings may be expressed as AT? = AT —G1I?(x),
where AT is the undercooling at the triple-points, G is the temperature gradient, and I?(z)
is the shape of the interface, x being the direction normal to the growth direction. In this
procedure, the equality of undercoolings at the different solid-liquid interfaces is replaced with
corresponding relations of the average interface positions which of course require the solution of
the interface shapes. This does add to the already complicated analytical calculation procedure
outlined in the chapter, but there is certainly scope for some future work in this direction.

The second assumption that we have imposed in our phase-field as well as analytical cal-
culations is the assumption of equal partial molar volume of the components in each of the
phases. With respect to experiments, this is certainly restrictive for situations where there is a
difference between the molar volumes of the components. Magnin and Trivedi [166] treat one
of the influences of having different densities with respect to the change in volume fractions
of the phases in binary eutectics. Physically, however different densities would also result in
microscopic fluid flow accompanying solidification. While both of these effects can certainly be
accounted for in the Stefan problem through a coupling to the hydrodynamic flow equations
driven by density differences, this would make the analytical calculations far more complicated.
So, while the analytical calculations, give an idea of the minimum undercooling spacing which
is close to the operating length scale in experiments, its relevance must be ascertained with
respect to the assumptions of equal molar volumes. The quantification of the magnitude of
the error requires the solution to the complete numerical problem involving fluid flow, which is

certainly a scope for future work in this area.

7.5 Summary

In this study, we derive an analytical theory to determine the interfacial undercoolings, volume
fractions and compositions of the solid phases in directionally solidifying lamellar eutectics for
a generic multi-component, multi-phase alloy. While our work bears similarities to the recently
published work of Senninger and Voorhees [43] which is particular for two-phase growth, our
work gives a generic prescription for treating any given multi-phase,

multi-component alloy and in this respect can be seen as an extension of the previous work in
[39]. A principal point in our theoretical calculations is that we treat the multi-variant and
invariant eutectic reactions alike, by expressing the boundary layer compositions as functions

of the respective state variables, which for our derivation are the diffusion potentials, the phase
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fractions and the undercooling. This allows us to solve the system of equations self-consistently
for the undercoolings, phase fractions and the phase compositions along with the boundary layer
compositions irrespective of the number of degrees of freedom in the system. Our derivation,
thus unifies the method of theoretical calculations of the Jackson-Hunt type for any given
multi-variant /invariant eutectic growth.

We also perform phase-field simulations to corroborate our theoretical predictions and they
are found to be in reasonably good match with each other where we investigate the case of
monovariant two-phase and three-phase invariant growth. Both the phase-field and the ana-
lytical theory exhibit the same trends in the variation of interfacial undercooling, solid phase
volume fractions and compositions with change in lamellar width. It is important to highlight
that the numerical differences in the predictions obtained from the two techniques are attributed
to the assumption of a flat interface in the analytical calculations. Particularly, asymmetry in
the interfacial shapes brought about either by strongly different phase fractions or interfacial
energies result in asymmetric discrepancies between the theoretical predictions and the phase-
field predictions. Thus we expect the match between the two methods w.r.t the predictions of
the phase fractions and phase compositions to be the best for situations where the interfacial
shapes of the phases are similar. Furthermore, we note in passing that while the theoretical
expressions are generic in the spirit in which they have been derived, the existence of a steady-
state lamellar growth mode needs to be ascertained through either phase-field simulations or
experiments, before applying the results.

Secondly, our study clearly highlights the importance of understanding the dependence of
phase fractions on the diffusivity matrices. Changes in volume fractions can be associated
with microstructural changes during two-phase growth(lamellar to rod), and many further
possibilities during three-phase growth as seen in [152, 213]. Therefore, dependence of the
volume fractions on the diffusivity matrices needs to be accounted for in order to derive a

better understanding of pattern formation during bulk eutectic growth in multi-phase systems.
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Chapter 8

Eutectic colony formation in systems

with interfacial energy anisotropy

Eutectic colonies are observed in systems where there is at least a common solute which is
rejected (or absorbed) by the all the solid-phases during coupled growth. This leads to the cre-
ation of an impurity boundary layer akin to the one observed during single phase solidification
which is susceptible to interfacial perturbations leading to the formation of eutectic colonies
(two-phase cells/dendrites). Most systems which display eutectic colony formation in experi-
ments have anisotropic interfacial energies. We have presented an evidence of such a system in
a Ni-Al-Zr alloy, in our introduction to this thesis in Chapter 1 and repeat the information here
as well in Fig. 8.1. Eutectic colonies are observed in this system (see lower figure in Fig. 8.1(c))
with the two eutectic solids displaying a well-defined orientation relationship (see Figs. 8.1(a)
and 8.1(b)). In this chapter, we investigate the eutectic colony dynamics, finger morphologies
and the constituent lamellar structures in systems with anisotropic interfacial energies. We
perform phase-field simulations in 2D and 3D to consider the effects of both solid-solid and
solid-liquid interfacial energies on pattern formation in such systems. The phase-field model
employed in this study is different from the ones employed in the previous chapters. This is
because we intend to augment the ability to simulate the effects of anisotropic interfacial en-
ergies to the phase-field models traditionally employed to study colony formation in isotropic
systems [16], and in systems with kinetic anisotropy [50, 51]. Thus, the possibility of simulating
such structures with the Grand-Potential model remains open, which when addressed can lead
to interesting comparisons between the numerical efficiencies of the two approaches.

We begin with a description of the model for 2D systems, which represents eutectic solidifi-

cation in samples which are thin in one of the directions normal to the growth direction. This is

170



8. EUTECTIC COLONY FORMATION IN SYSTEMS WITH INTERFACIAL
ENERGY ANISOTROPY

S NS il o)

SEl 20KV wnﬁmm §850
Sample e

Figure 8.1: The anisotropy in solid-solid interfacial energy is indicated by the existence of a
well defined orientation relationship between the two phases in (a) and (b). The orientation of
the lamellae along the axis of the colony finger along with some spiral like features is displayed
in (c¢). The two eutectic phases are identified from their contrast in (d).
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extended to bulk solidification where we perform 3D simulations to understand the formation

of eutectic colonies.

8.1 2D: Isotropic system

We begin our discussion with the isotropic system where we briefly review the mathematical
model developed by Plapp and Karma [16]. The colony formation dynamics and the resulting

lamellar and cellular morphologies are also discussed here.

8.1.1 Phase-field model

The two independent components chosen to describe the ternary system are u and ¢: u par-
ticipates in the eutectic reaction by being redistributed between the two eutectic solids and
¢ is partitioned equally between either of the eutectic solids and the liquid phase (K being
the equilibrium partition coefficient) to set up the Mullins-Sekerka (MS) instability [1] during

directional growth. The solid and liquid free energy densities are given by:
Lo 2 | (2la s = ~
fsoo ==(u*—1)"+ (¢lné¢—2¢) — (InK)e — —, (8.1)
fiig = =u* + (CIné — &),

where AT /T = (T'—Tg)/Tg is the scaled and non-dimensionalized undercooling in the system
with T and T denoting the non-dimensional eutectic temperature and the temperature field
in the system, respectively. The equilibrium values of u and ¢ in the solid and the liquid phases

(i.e., ug, uy, ¢ and ¢) are computed by solving for a set of equations mentioned as,

afsol _ afliq
ou Us ou ul7
afsol _ afliq
oc Cs oc 517
afsol afsol ~ aflz’q afliq ~
e R = fug — 22|y — . 2
sol au usus 85 ‘. Cs flzq au uZUI 85 5LCZ (8 )

Eqgs. 8.2 represent the equality of chemical potentials of u and ¢ with an equality of grand
potentials of the two phases as the third criterion of equilibrium.
For the u field, solving for the equilibrium phase compositions yield us = 1 and u; = 0.

This allows identification of the eutectic solids with the solid phase corresponding to us = 1
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named « and the one corresponding to uy, = —1 called .

The temperature profile (7') in the Bridgman furnace is given by:
T=T,+G(z—-Vt), (8.3)

where G is the imposed thermal gradient along the vertically upward direction, V' is the pulling
velocity, t is the time and z is the distance measured in a frame attached to the solidification
front at ¢ = 0. The constant Tj is calculated by setting the undercooling at the solid-liquid
interface at t = 0 to a pre-determined value.

The free energy functional representing a solidifying system containing diffuse interfaces is

given by [174, 214],
F :/
v

2
W (vt + 5 (Vo)

(h(®) fsor + (1 = h(®)) fuig) +

dv, (8.4)

where V' is the volume undergoing eutectic solidification. W, and W, are the parameters
determining the energy penalty associated with the presence of gradients in v and ¢ respectively.
A liquid-to-solid phase transformation is modeled by solving the Allen-Cahn equation [175]
which represents a minimization of F' w.r.t the spatial variation of ¢, where ¢ = 0 denotes
liquid and ¢ = 1 represents the solid with values between 0 and 1 existing at the diffuse

solid-liquid interface. The governing equation for ¢ evolution can be written as,

d¢

Ty = WiV26 = '(6) + 1(6) (fug — fral) (8.5)

where ’ indicate derivatives with respect to ¢. 7 is the relaxation time for ¢ evolution. The
potential barrier between the solid and the liquid phases is given by: g(¢) = ¢*(1 — ¢)?, and
the last term in the RHS of Eq. 8.5 represents the driving force for solidification obtained from
the relative difference in the bulk free energy densities of the solid and the liquid phases with
the total bulk energy density of the system at any point in space being given by:

f=1®) fsor + (1 = h(9)) fiiq: (8.6)

where h(¢) = ¢*(3—2¢) is a polynomial interpolant (h(¢) = 1 for solid and h(¢) = 0 for liquid).
The evolution of u and ¢ with time are obtained by solving the Cahn-Hilliard equation [176] as
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given by:
ou 8f_ 9o
E—V [MV (8u wov u)}, (8.7)
and,
dc ~_ (Of
= o Jriw ()] o

M and M are the mobilities corresponding to evolution of u and ¢ respectively, which are given
by,

M

M

D(1—-¢"), (8.9)
D(1-¢"E

where D and D represent constants set to unity. Eq. 8.9 ensures that there is no diffusion of
solutes inside the solid compared to that in the liquid. As the exchange of u between a and
£ happens only at the advancing solidification front, higher values of the constant n will be
required to allow for complete solute re-distribution in simulations of directional solidification
at higher pulling velocities (V).

The Eqgs. 8.5, 8.7 and 8.8 are discretized by the finite difference technique, employing a
9-point stencil on a square grid for the space dimensions in 2D, to correctly represent the inter-
facial energy anisotropies when they are introduced. The time discretization is done explicitly,
with the RHS of the equations in question evaluated at the current time-step in order to com-
pute the evolution at the next time-step. The time-step (dt) and the grid spacing sizes (dx)
are maintained constant throughout the course of the simulations. The non-dimensionalized
simulation parameters are mentioned in the caption to Fig. 8.2. The computer programs are
written in C. Parallelized implementations of our program on CPU clusters (using MPI) and
on the GPU (using CudaC) led to all the simulation microstructures presented later.

All of the ¢, u and ¢ fields undergo changes across a solid-liquid interface: ¢ changes from
1 to 0, u changes from +1 to 0 and ¢ from ¢, to ¢;. So, a solid-liquid interface can be isolated
from the ¢ field by identifying locations where it has values lying between 1 and 0. But across
a solid-solid (a-f3) interface only the u field can be seen to be varying, (i.e., it changes from 1
to —1 as we go from «a to ) while ¢ and ¢ remain constant; this provides the only means of

identifying the solid-solid interfaces.
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G 0.001
V 0.015
T 1.0
D 1.0
D 1.0
n 4
Ax, Ay 1.0
At 0.0025
Wy 3.2
W 1.7
Cs 0.025
&) 0.125

Table 8.1: Table depicting all the material parameters

8.1.2 Results

The 2D simulation of such a system (see Fig. 8.2) illustrates the fundamental eutectic cell
formation dynamics. The introduction of some random noise at the solid-liquid interface at
t = 0, sets up the MS-type instability through the ¢ component (see Fig. 8.2(c)). The simulation
parameters are mentioned in the Table. 8.1 which are non-dimensionalized by employing the

following length (I*), time (t*) and energy (f*) scales,

. RT*
=1 (8.10)
o*
=, (8.11)
f*
Z*Q
o DT (8.12)
)

For our alloy of study, we have considered, V,,, = 10.0 107% m?/mol, and the scale of diffusivity
([Dy]") as 1.0 107 m?/s. The temperature (T*) corresponds to the eutectic solidification
temperature of the Ni-Al-Zr system, given by T* = 1425K. The surface tension is taken to be
ot =1.0J/m?.

It is important to mention a few more details regarding the simulations at this stage: The
parameter Ty in Eq. 8.3 is computed by setting the initial undercooling at the solid-liquid
interface to 0.1. Periodic boundary conditions are imposed at the vertical boundaries and
no-flux at the horizontal ones in a simulation box of dimensions 1440 by 1000 containing 40

lamellae pairs. The snapshots from all our 2D simulations are obtained using Gnuplot.
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Figure 8.2: Colonies in an isotropic system at a total time of 150000 as seen from the (a)u field,
(b)¢ field, and (c)¢ field, with no diffusivity in the solid. Colorbars report values of the u, ¢
and ¢ fields in (a), (b) and (c) respectively.
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The morphological instability of the solid-liquid interface leads to formation of fingers, which
are identified by digit like protuberances of the solid into the liquid (see Fig. 8.2). Here, the
system does not select a particular eutectic finger spacing and the morphological evolution
of the fingers display a cyclical character, as represented in Fig. 8.3. The fingers that are
already formed continue to broaden and ultimately develop solid-liquid interface concavities
which continue to deepen and lead to their splitting, forming new fingers. These fingers are

randomly oriented with respect to the pulling direction.

]
0.5

0
-0.5

-1

Figure 8.3: The evolution of the two-phase fingers captured at times of (a)75000, (b)90000,
(¢)125000, and (d)140000, which show the growth of perturbations at the interface to full-
fledged cells.

-1

(d)

Throughout the course of the simulation, lamellae can be seen to undergo either termination
or broadening followed by the formation of new lamellae by spinodal decomposition. Lamellae
pairs converge and ultimately terminate at locations where the solid-liquid interface is concave
inwards. At locations where the solid-liquid interface is convex outwards (usually at the tip
of the fingers), the eutectic phase (either o or ) present there broadens till it develops a
concavity at its interface with the liquid, prompting formation of the conjugate eutectic solid

phase there. It must be noted at this point, that the mechanism of lamellae broadening followed
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by formation of a new phase by spinodal decomposition, prevents finger splitting, which would
happen with the concavity deepening without a new phase appearing ahead. These mechanisms
can be confirmed from Figs. 8.3(c) and 8.3(d), where the second and third fingers from the left
display conjugate phases forming at the wider lamellae constituting the convex growth front.
On the other hand, the fourth finger from the left displays a concavity which continues to
deepen leading to lamellae termination and would eventually lead to its splitting at later times.

The new lamellae which come out as a result of spinodal decomposition possess a lamellar
width (A) which is different to the one selected by the criterion of minimum undercooling at the
solid-liquid interface due to Jackson and Hunt [8]. Phase separation (the liquid composition
u = 0 decomposing to give u = £1 corresponding to the two eutectic solids) happens only at
the solidification front (¢ having values between 0 and 1) where the spinodal length scale can
be determined by following the analysis in [176], considering only the double welled part of the
potential (fsy) in Eq. 8.7 as,

d_g. [MV (af”l - ng%ﬂ

ot ou
82fsol
=V- {M < G VU~ wev (v%)ﬂ
_ 82fsol 2 2 4
=M { GV u—W, (V u)] : (8.13)

where we have assumed M to be a constant (but less than D) at the interface and retained only
linear terms in order to obtain the last equality. An expression describing the amplification
of a sinusoidal variation in u(= ug + A(t) coswx), with time, whose evolution is governed by

Eq. 8.13, is given by:

A(t) = Agexp [R(w)t]

=A VY TR 8.14
= Apexp w au2+uwt, (8.14)

where A and Ay are the amplitudes at times ¢ and ¢ = 0 respectively and w is the wavenumber
of the sinusoidal variation in u. The amplification factor,

R(w) = —Mw? (0? foo1/Ou? + W2w?), has a maximum for a wavenumber of,

(8.15)

Wmaz =
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which leads us to an expression for A" (=27 /w,,qz), the dominant length scale of spinodal
decomposition. Using, the simulation parameters mentioned in the caption to Fig. 8.2, and
evaluating 90 f/0u? at u = 0 we retrieve A" = 21.3. It must be noted at this point that

maxr

the dominating wavelength of spinodal decomposition (A*") is decided only by an interplay
of bulk and gradient energies as can be seen from Eq. 8.15 and is independent of the sample
pulling velocity (V).

The other important length scale in the problem is the lamellar width (\;g) corresponding
to the minimum undercooling at the eutectic front, which can be obtained by evaluating the
expressions in [16]. For the parameters of our study, the Gibbs-Thomson coefficient evaluates
to I' = 1.38, and the contact angles are § = 23.87°, leading to A\;g = 40.6 for V' = 0.01.
Invoking the theory of marginal stability of eutectics [215], all the eutectic length scales that
are smaller than A, disappear with time under a long wavelength perturbation of the interface,
leading to an average lamellar width in the system which is larger than A;g. This conclusively
establishes that the microstructural length scales in our simulations are not determined by
spinodal decomposition unless at pulling velocities of V' > 0.04 (from the scaling of A,y with
V=05 given by [8]). At such high velocities, sz becomes smaller than A" (which remains
invariant with change in V') and the lamellar width set by spinodal decomposition becomes
the dominating microstructural length scale in the absence of perturbations of the solid-liquid
interface.

Thus in 2D, nucleation in this manner offers only a mechanism to obtain the conjugate
phase at a solid-liquid concavity. This is however unrealistic given that the undercoolings are
not sufficiently high for such nucleation to occur. In reality it is a 3D mechanism, where a single
phase rod rotates to appear from planes in front or behind to occupy the concavity. Therefore,
here we will treat this formation of the second phase as only a mechanism allowing one to
maintain the scale of the simulation.

Furthermore, in Fig. 8.2(a), there is no specific orientation relationship between the lamellae
and the direction of solidification (vertically upwards) that is selected by the system. The
lamellae appear oriented roughly orthogonal to the solidification envelope (Cahn’s hypothesis)
close to the solid-liquid interface (set by the force balance at the triple points) and take up
more random orientations inside the fingers.

By reviewing the isotropic system, we have gained an understanding of the phase-field model
which we are going to build upon in order to study the implications of incorporating anisotropic
solid-liquid and solid-solid interfacial energies on colony formation. The colony dynamics and
morphology observed in the 2D simulations of isotropic systems also provide a reference against

which we can attempt to understand the effect of anisotropic interfaces on the lamellar and
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cellular morphologies, beginning in the next section.

8.2 2D: Effect of anisotropic interfacial energies on the

colony dynamics

In this section, we describe phase-field models of systems possessing anisotropic interfacial
energies and attempt to understand eutectic colony dynamics from 2D simulations. We begin
our discussion by considering a system with anisotropic solid-liquid interfaces and follow it up

with a discussion on systems with anisotropic solid-solid interfaces.

8.2.1 Anisotropic solid-liquid interface

In this section we study the cellular features and lamellar orientations in the presence of
anisotropic solid-liquid interfaces. We draw upon our observations for an isotropic system as a
context to understand the simulation results for this situation. We begin with a description of
the phase-field model.

Phase-field model

A convenient way to identify the solid-liquid interface is with gradients in ¢. So, in order
to understand the effect of a solid-liquid interfacial energy anisotropy on the microstructural
features obtained during directional solidification, we introduce the anisotropy through the
gradient energy term in the evolution equation of the ¢ field as given by the modified Allen-

Cahn equation which writes:

0 0
Ta—f = (V : m) a—g'(¢) + W (®)(fiig — fsol), (8.16)
where,
o= %Wgag(e)(w)?. (8.17)

The anisotropy function (a.) given by:

x4 x4
ac =1+ Ccos(4(0 —0r)) =1—¢ (3—4 (%)) : (8.18)
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introduces the four-fold anisotropy into the solid-liquid interfacial energy and is the same as
what suggested in [121]. The *’s in the above equation indicate that the derivatives (with respect
to either x or y as denoted by the subscripts) are computed in the reference frame of the crystal.
The crystal reference frame can be rotated by an angle 6 to the laboratory frame and this
allows us to explore different relative orientations of the equilibrium solid-liquid interfaces with
respect to the sample pulling direction (which is vertically downwards). ¢ sets the strength of
the anisotropy. Fig. 8.4(a) displays a. as a function of 6 (y plot), also highlighting the effect of
a rotation of a crystal frame to the laboratory frame.

The other equations employed to model a system with anisotropic solid-liquid interfaces

remain the same as reported in the isotropic situation.

Results

The selection of particular orientations of the solid-liquid interface under different rotations of
crystal frame can also be understood by referring to Fig. 8.4(b).

The dynamics of colony formation in such a system is explored for a situation where the
crystal frame is rotated clockwise by g = 10°to the laboratory frame (see Fig. 8.4(a)) for two
different strengths of the ¢ anisotropy, i.e., ( = 0.015, and 0.03, but for a single sample pulling
velocity (V' = 0.015) (see Fig. 8.5).

A lot of features in these simulations are in contrast to the isotropic case. First of all,
the finger envelopes tend to favor certain orientations dictated by an interplay between the
anisotropy and the direction of the imposed temperature gradient (vertically upward). To
illustrate this further, we can imagine that the nucleus in Fig. 8.4(b) being subjected to a
temperature gradient prompting it to grow in the vertically upward direction. Now, the two
corners (indicated by arrows) in the top half of the crystal are the ones which could grow such
that the nucleus continues to be bounded by interfaces which are favored by anisotropy. But
the one on the right (identified by the red arrow in Fig. 8.4(b)) is usually favored because of
it being closer to the pulling direction. This can be clearly confirmed in Fig. 8.5(b) where the
fingers have an orientation given by a slight clockwise rotation from the vertical (represented
by the arrow in Fig. 8.5(b)). In situations where the solid-liquid interface is not as anisotropic
(lower ¢, as in Fig. 8.5(a)), the selection of growth direction is not as strict as in the case
with higher ¢ (see Fig. 8.5(b)). This manifests as the growth of fingers along directions which
are not the closest to that suggested by anisotropy under a temperature gradient. Another
consequence of this is the broader appearance of fingers for ( = 0.015 (Fig. 8.5(a)) than for
¢ = 0.03 (Fig. 8.5(b)).
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Figure 8.4: « plot obtained by evaluating a. from Eq. 8.18 is shown in (a). The arrows indicate
the orientations of the plane normals with the least energy. Figure legends report 6 in degrees.
(b) A phase field simulation of an « nuclei growing in the liquid, with #r = 10°, clockwise, with
¢ = 0.05. The arrows denote the corners which can advance under directional solidification
conditions. The corner identified by the red arrow dominates over the one indicated by the
white one due to its closer alignment to the vertically imposed temperature gradient. Colorbar
reports values from the ¢ field.
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Figure 8.5: Microstructures (u field) of a system with no solid diffusivity and solid-liquid
interfacial energy anisotropy, at a total time of ¢ = 150000, for (a)¢ = 0.015, and (b)¢ = 0.03,
with V' = 0.015, n = 4 and 0 = 10°, clockwise. Colorbars report values of the u field. The
other simulation parameters are the same as mentioned in the caption to Fig. 8.2. The arrow
roughly indicates the orientation of the finger envelope.

Also, the tilted orientation of the fingers from the vertical as observed in Fig. 8.5(b), during
growth implies a non-zero component of their growth velocity in the horizontal direction. This
leads to an observed motion of the fingers across the width of the simulation box (traveling
waves of fingers) during eutectic colony growth.

Emergence of a stable finger spacing can be observed in Fig. 8.5(b), which is not observed
in the isotropic case. In the system with lower anisotropy shown in Fig. 8.5(a), the fingers do
broaden and bifurcate, but not as frequently as in Fig. 8.2, which suggests that with an increase
in the magnitude of anisotropy the stability of the solid-liquid interface is enhanced.

Similar to the isotropic situation, the lamellae appear to be oriented orthogonally to the
solidification envelope at the solid-liquid interface which gets modified inside the fingers due to
interactions between lamellae approaching the finger axis from either side of the finger tip.

An incomplete partitioning of the solutes (also known as solute trapping) hindering the
formation of the eutectic at the solid-liquid interface, is observed for higher values of V' and (
when using solute mobilities of the form, M = D (1 — ¢") and M=D (1 —¢™) ¢, even with
higher values of n. Thus, for studying the effects of higher V' and ¢ on the colony dynamics, we
introduce another approximation in the form of equal and constant mobility of solutes in both
solid and liquid phases. Mathematically, this manifests as setting M = M = 1 in the model
formulation. We report two simulations in Fig. 8.6 with ¢ = 0.03 (Fig. 8.6(a)) and ¢ = 0.05
(Fig. 8.6(b)) at a sample pulling velocity of V' = 0.04. The enhanced solid diffusivity should
lead to a Ay larger than the value computed for the system with no solid diffusivity which

should prevent length scales due to spinodal decomposition becoming dominant even at higher
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pulling velocities of V' = 0.04.
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Figure 8.6: Microstructures (u field) of a system having equal diffusivity in the solid and the
liquid phases with solid-liquid interfacial energy anisotropy, for (a)¢ = 0.03, t = 150000, and
(b)¢ = 0.05, t = 100000 with V' = 0.04 and 0 = 10°, clockwise. Colorbars report values of the
u field. The other simulation parameters are the same as mentioned in the caption to Fig. 8.2.

The fingers in Fig. 8.6 appear to possess a smaller tip-radius than what is observed for the
cells in Fig. 8.5, which is expected at higher velocities due to the inverse scaling of tip-radius
(p), with pulling velocity (V) given by the constancy of p?V. Furthermore, an increase in ¢
can also be seen to promote a stronger selection of the dendrite tip radius as observed from
Figs. 8.6(a) and 8.6(b). Also, the tilt of the fingers becomes more pronounced with increase in
¢, as can be confirmed from Figs. 8.6(a) and 8.6(b).

An interesting difference in the lamellar appearance can be observed at the central axis of
the fingers. In Fig. 8.5, the individual phases from the solid-liquid interface on either side of the
tip of a finger do not unite at the central axis of the finger, as they do in Fig. 8.6. The tree-like
arrangement of phases seen in Fig. 8.5 is not replicated in Fig. 8.6, where the phases from
either side of the finger, join with each other in the middle of the fingers. This difference is a
consequence of the lack of solute diffusivity in the solid in Fig. 8.5, where the local orthogonality
of the lamellae to the solidification envelope remains frozen even inside the fingers, with the
emanation of phases from the central stem being a record of the lamellar bifurcation that has
happened earlier.

Having considered the effect of anisotropic solid-liquid interfaces on the colony dynamics,

we move on to studying systems with anisotropic solid-solid interfacial energies.
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8.2.2 Anisotropic solid-solid interface

In this section we are going to study the effect of an anisotropic interface between the two
eutectic solids on the lamellar morphologies constituting the eutectic colonies and also on the

orientation and stability of the fingers. We begin with a description of the phase-field model.

Phase-field model

In order to explore the eutectic colony formation dynamics in situations where the solid-
solid (i.e., a-f) interfaces have a specific orientation with respect to the pulling direction,
the anisotropy must be introduced through the u field. But considering the fact u changes
in value across all the three possible interfaces (a-f, a-liquid and (-liquid), we introduce the
anisotropy through the the bulk free energy density in solid, to minimize its influence on the
solid-liquid interface which results in the modified free-energy density expression of the solid
given by,

fsot = %(ﬁ —1)%a2(0) + (¢lné —¢) — (In K)é — %, (8.19)
where a. is the same as in Eq. 8.18 with ¢’s being replaced by u’s. From Eq. 8.19, we can see
that the free energy density contribution from the u field has a maximum at v = 0 and minima
at u = £1. Now by observing that the total energy density of the system is an interpolation
between the solid and liquid energy densities through an interpolant(h) which is a non-linear
but monotonic function of ¢ (see Eq. 8.6), it can be verified that at a solid-liquid interface (u
varying between 0 and +1; ¢ varying between 0 and 1) the influence of anisotropy is mellowed
down by u being non-zero and h being non-unity. To confirm this observation, we can refer
to Fig. 8.7, given below. The equilibrium orientations of the a-f interfaces under solid-solid
anisotropy can be discerned from Fig. 8 in [213] and are exactly similar to the features observed

for solid-liquid interfacial energies in Fig. 8.4(b).

Results

For a given rotation of the crystal frame relative to the laboratory frame, the orientation of the
a-f3 interface is going to be determined by the force balance at the triple points. This can be
predicted for the situation of steady-state growth using symmetry arguments that are motivated
from experiments [48, 49] which claim that the resultant surface tension must still be oriented
along the growth direction. This condition can then be used to derive an analytical expression
for the a-f interfacial orientation with the vertical [47] which we are going to henceforth refer

to as the tilt angle (0;) (explained in Fig. 8.8(a)). The tilt of the solid-solid interface for a given
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Figure 8.7: Iso-contours at ¢ = 0.5 for ¢ = 0.05(black) and ¢ = O(green) with 6 = 0

rotation of the crystal frame can be seen in Fig. 8.8(a). For the four-fold anisotropy function
we have implemented, we compared the tilt angles from steady-state growth simulations of a
single lamella pair against theoretical predictions in Fig. 8.8(Db).

The colony formation dynamics with anisotropic solid-solid interfacial energy is explored in
Fig. 8.9 with two different magnitudes of anisotropy, i.e., ( = 0.015 in Fig. 8.9(a) and ¢ = 0.03
in Fig. 8.9(b) at a single pulling velocity of V' = 0.015.

Here, the microstructural feature that is strikingly different from the previous cases of
isotropy and solid-liquid anisotropy is the presence of straight, parallel, lamellae pairs running
through the center of the fingers and are very similar to what is observed in Fig. 8.1. This
qualitative agreement between our simulations and experiments substantiates our conjecture
that the structures observed in Fig. 8.1 are a result of anisotropic interfaces and more specifically
anisotropy of the interface between the two eutectic solids.

Though there is a theoretical prediction available for the orientation of the a-f interfaces
during steady-state growth, for an unsteady situation of cellular or dendritic growth we can only
attempt to qualitatively understand the lamellar orientations in the absence of an analytical
expression. Focusing closely on Figs. 8.9(a) and 8.9(b), the simulation proceeds from the
destabilization of a tilted state of the lamellae during steady-state growth (as seen in Fig. 8.8(a)),
giving rise to cells which globally have lamellae oriented along the direction of the temperature

gradient. The solidification envelope corresponding to each cell however develops small tilts
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Figure 8.8: Tilt of the solid-solid interface for 6z = 10°, clockwise, and the corresponding tilt
angle 6, is shown in (a). Tilt angles (;) are plotted versus angle between the crystal frame

and the laboratory frame (6g), for (b) M = M = 0, for the eutectic solids; ¢ = 0.03, and (c)
M = M =1 for the eutectic solids; { = 0.05.
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Figure 8.9: Microstructures (u field) of a system with no solid diffusivity and solid-solid in-
terfacial energy anisotropy, for (a)¢ = 0.015, n = 16, ¢t = 125000, and (b)¢ = 0.03, n = 32,

t = 150000, with V' = 0.015. Colorbars report values of the u field. The other simulation
parameters are the same as mentioned in the caption to Fig. 8.2.

187



8. EUTECTIC COLONY FORMATION IN SYSTEMS WITH INTERFACIAL
ENERGY ANISOTROPY

with respect to the growth direction, which can be thought of as the tilted steady state at lower
velocities being rotated such that the solid-solid interfaces become aligned with temperature
gradient, while the solid-liquid interface develops a tilt.

The magnitude of anisotropy also appears to play a role in lamellar orientations, as for a
smaller ((= 0.015), as seen in Fig. 8.9(a), the straight lamellae pairs are not strictly aligned
with the vertical, whereas with ¢ = 0.03, the lamellae display a strong alignment with the
imposed temperature gradient, as can be seen from Fig. 8.9(b).

An outcome of the presence of lamellae oriented as closely as possible to the direction
of imposed temperature gradient is the broadening of fingers, as can be clearly observed in
Fig. 8.9(b). The shapes of the individual fingers can be understood as a result of a combined
influence of the propensity of the lamellae to remain aligned with the direction of the imposed
temperature gradient and that of the thermodynamically predicted relative orientations of
the solid-solid and the solid-liquid interfaces under solid-solid interfacial energy anisotropy
presented in Fig. 8.8. Thus, the vertically oriented lamellae emanate from sides of the fingers
which appear roughly flat, but display a small deviation from horizontal.

Furthermore, with regards to the stability of the finger width, an increase in ( leads to
stabler features, which is the same as seen for the case of anisotropic solid-liquid interfacial
energy.

As mentioned in conjunction to the discussion on colony dynamics with solid-liquid anisotropy,
we relax the criterion of negligible solute diffusivities in the solid in order to negate the solute-
trapping that impedes probing of colony formation in systems pulled at higher velocities or
displaying higher anisotropy in the interfacial energy. A variation of tilt angles (6;) as a func-
tion of dx for equal diffusivity of solutes in the solid and the liquid is also reported in Fig. 8.8(c)
as a confirmation that this approximation preserves the ability of the model to capture the es-
sential physics. This enables us to simulate the effects of a pulling velocity of V' = 0.04 on
systems with ¢ = 0.03 (see Fig. 8.10(a)) and ¢ = 0.05 (see Fig. 8.10(b)).

Most of the features seen in Fig. 8.9 is replicated in Fig. 8.10 except for a few exceptions.
One of them being the absence of the deep cells observed in Fig. 8.9. This is a result of the
enhanced diffusivity in the solid which allows adjoining fingers to fuse wherever they are in close
proximity. Another important feature of these simulations is the lateral orientation (towards
the left in Fig. 8.10) of the two-phase finger-tips in their bid to choose a smaller tip radius (p)
consistent with a larger pulling velocity V' while allowing the maximum number of lamellae to
remain vertical at the same time maintaining the necessary orientation relationship between

the solid-solid and solid-liquid interfaces. Furthermore, the lamellae in Fig. 8.10 also appears
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Figure 8.10: Microstructures (u field) of a system with equal solute diffusivity in the solid and
the liquid phases, with solid-solid interfacial energy anisotropy, for (a)¢ = 0.03; ¢ = 150000 and
(b)¢ = 0.05; t = 150000, with V' = 0.04. Colorbars report values of the u field. The other
simulation parameters are the same as mentioned in the caption to Fig. 8.2.

finer consistent with the higher pulling velocities employed for these simulations *.

Having studied the lamellar orientations and the two-phase cell morphologies for systems
with anisotropic solid-solid and solid-liquid interfacial energies in 2D, we now move on to 3D
simulations where we probe the effect of a third dimension on the colony dynamics in systems

with anisotropic interfacial energies. We begin with a discussion of an isotropic system.

8.3 3D: Isotropic

The 2D simulations provide important insights into the physics of the colony formation problem
in terms of both lamellar and finger morphologies. But these observations from 2D simulations
suffer from a limitation of being representative only of directional solidification in thin samples.
In order to gain a complete understanding of the problem in situations where both dimensions of
the solidified cross-section are comparable, we resort to 3D studies beginning with the isotropic
system. The governing equations 8.5, 8.7 and 8.8 are expressed in a tensorial form which are
numerically solved in a 3D cartesian system, employing a 27-point stencil for discretizing the
space dimensions in order to accurately capture the effect of anisotropies in the interfacial
energies when they are introduced. The other parameters relevant to the solution of equations
remain the same as in 2D.

The high computational cost of 3D simulations, constrain us to perform them for a set of

L)X scales as p with change in velocity, with the scaling constant depending on the simulation conditions.
Thus, changes in lamellar widths can be understood in the context of the concurrent changes tip radius with
velocity (V), which is also indicative of the magnitude of the scaling constant connecting A and p for the current
simulation.
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parameters which lead to a quicker destabilization of the solidification front. Hence, we employ
a high pulling velocity of V' = 0.1 to computationally access the colony dynamics in 3D. This
approach necessitates equal diffusivity of solutes in the solid to that in the liquid, due to the
high solute trapping observed in this model at higher pulling speeds.

It must be mentioned at this point that though for V' = 0.1 the spinodal decomposition
length scale A" becomes larger than A;g, the scale of the simulation in 3D is always main-
tained at A,y due to the presence of 3D topological mechanisms for lamellar interactions.

We report a 3D simulation in Fig. 8.11 carried out in a 288 x 288 x 300 box containing 8
lamellae pairs along each dimension with the remaining parameters being identical to the 2D
isotropic simulation shown in Fig. 8.6. The simulations are done in a directional solidification
setting with the direction of the imposed temperature gradient being vertically upwards. The
boundary conditions are set to be no-flux on faces of the box normal to the pulling direction
and periodic on faces parallel to it. We have utilized the “isosurface” feature in MATLAB
(MATLAB 8.2, The MathWorks Inc., Natick, MA, 2013) to visualize our 3D simulations, where
the a-liquid and (-liquid interfaces are extracted at particular values of the phase-field ¢ to
capture the colony microstructure.

In Fig. 8.11(c), a single lamella pair appears to construct each finger by growing continuously
in a helical fashion. This structure has already been observed experimentally by Akamatsu and

Faivre [10] and has been anointed by them as a “spiraling eutectic”.

Figure 8.11: Eutectic colonies at a total time of (a)21000, (b)45000, and (c¢)55000 in an isotropic
system with V' = 0.1. The yellow dashed line in (c) represents the orientation of the vertical
sections reported in Fig. 8.12. The red phase represents o and the green phase represents .

The morphology of the spiral can be better understood by considering 2D sections of the
microstructure in Fig. 8.11(c) by planes parallel and perpendicular to the growth direction as
reported in Figs. 8.12 and 8.13, respectively. The apparent discontinuity in the solid phases

across the central axis of the finger seen in Fig. 8.12(a) coupled with the particular arrangement
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of phases in Fig. 8.13 allow an understanding of the spiral as a helical arrangement of a single
pair of lamella plates. Figs. 8.11(c), 8.12 and 8.13 considered in unison points to the possibility
of the shape of the spiraling eutectic fingers being approximated by a paraboloid.
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-0.5 -0.5
-1 -1
(a) (b)

Figure 8.12: 2D sections (u field) of Fig. 8.11(c) by a plane parallel to the pulling direction
whose orientation is indicated by the yellow dotted line in Fig. 8.11(c), showing solid phase
arrangements at (a)the spiral axis, and (b)a little away from the spiral axis. Colorbars report
values from the v field.
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Figure 8.13: 2D sections (u field) of Fig. 8.11(c) by a plane normal to the pulling direction.
The sectioning height is lower in (a) than in (b). Colorbars report values from the u field. The
yellow line is the projection of the same from Fig. 8.11(c).

The 3D simulation of the isotropic system confirms the major observations from the 2D
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simulation in terms of the randomness of the finger orientations, the lack of specificity of the
lamellar orientations and the absence of a particular finger spacing selected by the same. The
solid-liquid interface is found to be unstable with spirals forming and disintegrating throughout
the course of the simulation as can be seen by considering the Figs. 8.11(a), 8.11(b) and 8.11(c).

The discussion of an isotropic system in 3D, provides a reference against which we will
seek to understand the eutectic colony features under interfacial anisotropy presented in the

following sections.

8.4 3D: Effect of anisotropic interfacial energies on the

colony dynamics

Like in 2D, we will consider the effect of both solid-liquid and solid-solid anisotropy on the

colony formation dynamics in 3D. We begin with the former.

8.4.1 Anisotropic solid-liquid interface

To explore the effect of anisotropy on the solid-liquid interface on the colony formation dynamics

in a 3D system, we introduce the anisotropy through the ¢— field with the expression for a.

aczl_g<g_4((i2+;;2y+i2)2>), 820

which is a simple extension of the 2D case. In reality, the crystal frame can have any

being:

arbitrary orientation to the pulling direction. But any such orientation can be decomposed into
a combination of a rotation about the pulling direction and the ones normal to it. In view of
that, we can attempt to understand the microstructure formation for two basic configurations:
the one where the axis of rotation of the crystal frame is the same as the pulling direction and

the other where it is perpendicular. We will begin the discussion with the former.

Crystal frame rotated about the pulling direction

The microstructure shown in Fig. 8.14(b) is similar to Fig. 8.11(c) in terms of lamellar and finger
morphologies with the influence of anisotropy showing up clearly only in the transverse section
of the finger (see Fig. 8.16) which becomes polygonal. The longitudinal section in Fig. 8.15

reveals a lamellar arrangement which is also akin to its isotropic counterpart in Fig. 8.12.
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Figure 8.14: Eutectic colonies at a total time of (a)28000, and (b)55000 in a system with solid-
liquid interfacial energy anisotropy with V' = 0.1, ( = 0.015, and 6z = 10°, clockwise, about
the pulling direction. The yellow dashed line in (b) represents the orientation of the vertical
sections reported in Fig. 8.15.
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Figure 8.15: 2D sections (u field) by a plane parallel to the pulling direction in Fig. 8.14(b),
whose orientation is denoted by the yellow dotted line in Fig. 8.14(b). The section passes
through and a little away from the axis of the finger in (a) and (b), respectively. Colorbars
report values from the u field.
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Figure 8.16: 2D sections (u field) by a plane normal to the pulling direction in Fig. 8.14(b).
The sectioning height is lower in (a) than in (b). Colorbars report values from the u field. The
yellow line is the projection of the same from Fig. 8.14(b).

Crystal frame rotated about an axis normal to the pulling direction

Moving onto the situation where the reference frame of the crystal is rotated about an axis
perpendicular to the direction of the imposed temperature gradient (see Fig. 8.17), we find
fingers taking up well-defined orientations with respect to the pulling direction. The eutectic
spirals in this case can be seen to be traversing the simulation box in a direction perpendicular
to the pulling direction. This is due to the non-zero angle to the pulling direction taken up by
the fingers while growth. Thus, the growth velocity has a lateral component which creates a
traveling wave of eutectic fingers across the simulation box during growth.

Again, we consider sections of Fig. 8.17 which are parallel (Fig. 8.18) and normal (Fig. 8.19)
to the pulling direction. The lack of a section which clearly demonstrates the axis as we have
seen in Fig. 8.12(a), suggests that the finger axis is not completely contained in a single plane
of such an orientation. The orientation of spirals is determined by a force balance along the
tri-junction lines during its formation via the amplification of an instability, which being an
unsteady phenomenon, can lead to orientations which deviate from the equilibrium orientation
of interfacial planes. We can also add that, the observation of a finger axis in Fig. 8.12(a) is
accidental and it could very well have been like the situation depicted here.

The sections in Fig. 8.19 are the ones which are taken to be perpendicular to the pulling
direction and parallel to the axis of rotation. Here the individual phases are either elongated
or curved with the concavity towards the solid-liquid interface which is quite different to what

we observe for the isotropic case in Fig. 8.13 and can be understood as a consequence of the
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Figure 8.17: Eutectic colonies at a total time of (a)22000, and (b)50000 in a system with solid-
liquid interfacial energy anisotropy with V' = 0.1, ( = 0.015 and 0z = 10°, clockwise, about an
axis normal to the pulling direction. The yellow dashed line in (b) represents the orientation
of the vertical sections reported in Fig. 8.18.
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Figure 8.18: 2D sections (u field) by a plane parallel to the pulling direction and normal to
the axis of rotation of Fig. 8.17(b), whose orientation is denoted by the yellow dotted line
in Fig. 8.17(b). Both figures (a) and (b) highlight that the axis of the finger is not straight.
Colorbars report values from the u field.
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tilt of the spirals.
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Figure 8.19: 2D sections (u field) by a plane normal to the pulling direction and parallel to the
axis of rotation of Fig. 8.17(b). The sectioning height is lower in (a) than in (b). Colorbars
report values from the u field. The yellow line is the projection of the same from Fig. 8.17(b).

As we saw in 2D, the simulations done with an anisotropic solid-liquid interface leads to
a stable finger width and orientation (see Figs. 8.14(a), 8.14(b), 8.17(a) and 8.17(b)) being
selected. Thus, as opposed to the isotropic case, the spirals once formed never disintegrate, but
only split when they coarsen beyond the system selected finger width.

Having understood the effect of anisotropic solid-liquid interface on the colony features in

3D, we do the same for solid-solid interfacial anisotropy in the following section.

8.4.2 Anisotropic solid-solid interface

The a-f interface can also have preferred orientations with respect to the direction of the
imposed temperature gradient, resulting in novel patterns in the eutectic colonies. The intro-
duction of anisotropy is done in the same way as in 2D (see Eq. 8.19); the anisotropy function
a. being given by Eq. 820 with u’s taking the place of ¢’s.

In contrast to the stable spirals obtained for solid-liquid anisotropic interfacial energies, we
do not get any spiraling for the crystal frame rotated about the pulling direction (Fig. 8.20(a))
and only intermittent spiraling for the situation where the crystal frame is rotated about a
normal to the pulling direction (Fig. 8.20(b)) with the eutectic solids taking up certain well-
defined orientations.

As can be seen from Fig. 8.20, that the consideration of a four-fold anisotropy in the solid-

solid interfacial energy leads to individual eutectic solids to arrange themselves as alternate
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Figure 8.20: Eutectic colonies in a system with a-f interfacial energy anisotropy with V' = 0.1,
¢ = 0.015 and 0 = 10°, clockwise, about, (a)the pulling direction, and (b)normal to the pulling
direction.

plates which take up orientations dictated by the anisotropy. The lack of a stabilizing influence
of the imposed anisotropy required for forming spirals indicates that the equilibrium interfacial

orientations do not allow the formation stable spirals.

8.5 Summary

We studied eutectic colony formation in both 2D and in 3D, in systems with preferred orien-
tation of the solid-liquid as well as the solid-solid (a-f) interfaces. The 2D simulations with
anisotropic solid-liquid interfacial energy display a stable finger spacing which has a definite
orientation to the pulling direction decided by the imposed temperature gradient from the pos-
sibilities offered by equilibrium orientations of the solid-liquid interface under anisotropy. The
stability of finger spacing is a function of the magnitude of anisotropy (¢), with the system
selecting a well defined finger width and tip radius only at higher (. Higher values of ¢ also
lead to a selection of a more pronounced orientation of the fingers with respect to the pulling
direction. These observations stand in stark contrast to the isotropic simulation in 2D where
neither a stable finger spacing nor a well-defined orientation is taken up by the fingers. At the
solidification envelope, the lamellae are oriented normal to the solid-liquid interface (also ob-
served in the isotropic case), with no specific orientation at the center of the fingers. The effect
of a higher pulling velocity (V') on the simulations is to modify the length scales manifesting
as smaller lamellar width and tip radius.

When studying 2D systems with anisotropic solid-solid (a-f) interfaces, we find a significant
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portion of the lamellae to assume vertical or near-vertical orientations in conjunction with a
slight tilt of the solid-liquid interface from the horizontal. As a consequence of this, the fingers
appear much broader than what is seen for the isotropic and solid-liquid anisotropy case. With
increase in (, the lamellae appear to favor the vertical orientation strongly, as more and more
of them take up such orientations. Higher pulling velocities V', resulted in finer length scales in
accordance to our observation in the solid-liquid anisotropy case.

Though eutectic spirals are observed in 3D isotropic simulations, they are not stable. The
existing spirals disintegrate while new ones come into existence with this process repeating
throughout the course of the simulation.

The 3D simulations performed with anisotropic solid-liquid interfaces, with the crystal frame
rotated about the pulling direction, revealed spirals similar to the isotropic case with the solid-
ification envelope appearing angular. While another study done with the crystal frame rotated
about an axis normal to the pulling direction led to tilted spirals. A stable finger width is
selected in both the simulations.

The introduction of anisotropy in the solid-solid (a-) interfaces lead to unstable fingers in
the simulations. The rotation of the crystal frame about the pulling direction does not create
spirals, rather we find elongated lamellae along particular directions normal to the vertical,
which modifies to form unstable spirals when the crystal frame is rotated about an axis normal
to the pulling direction.

Our 2D simulations with solid-solid anisotropy have offered a possible explanation for the
existence of lamellae oriented along the finger axis in Fig. 8.1. Through our 3D simulations, we
are able to delineate the features of eutectic spirals [10] for anisotropic solid-liquid and solid-
solid interfaces. Anisotropic solid-liquid interfaces lead to the formation of stable spirals while

the choice of solid-solid anisotropy leads to unstable structures occasionally resembling spirals.

8.6 Discussion

We have attempted to understand pattern formation in eutectics in the presence of a ternary
impurity under conditions of solid-liquid and solid-solid anisotropy. Here, through 2D simu-
lations, we have tried to understand the effect of pulling velocity (V') and magnitude of the
anisotropy (¢) on the eutectic colony microstructures for a single given rotation of the crystal
frame with respect to the laboratory frame (6g). The patterns possible for other #x’s under
different values of V' remain unexplored. The 3D simulations are carried out at a single value
of both #r and V. The existence of novel microstructures at other combinations of these two

parameters cannot be ruled out and stands as a promising area for further study. Furthermore,
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the absence of a stable spiral in 3D when considering solid-solid anisotropy, prompts a closer
look at spiral formation and conditions which allow or impede spiraling. Experimental studies
of colony formation in anisotropic systems are critical to this end which will serve as a guide
for choosing appropriate anisotropy functions in models.

Though we have been able to present and understand a lot of features of eutectic colonies
for anisotropic solid-liquid and solid-solid interfaces in this study, the high solute trapping
encountered for higher values of ( and V' in this model point towards the possibility of employing

classic solidification models [148, 200] for studying this problem to obviate this difficulty.

199



Chapter 9
Summary & Conclusions

In this thesis, we have studied several problems involving microstructure formation in multi-
component alloys which have been investigated in detail in the preceding chapters. The phe-
nomena considered range from growth of a single product phase to microstructure formation by
coupled growth of multiple phases. In this chapter we review the key inferences from our study
of each of the phenomena considered in the preceding chapters. The progress made in each of
the topics in this thesis naturally points towards several phenomena which are closely aligned
with the subjects considered but are yet to be theoretically understood for multi-component
alloys. Hence, in the following paragraphs we mention all of these possible extensions of our
theoretical framework which would encompass a larger proportion of phenomena leading to

microstructure formation in multi-component alloys.

9.1 Single phase growth in multi-component alloys in the
scaling regime

We extend Zener’s theory [2] of growth in the scaling regime for binary alloys to multi-
component alloys in Chapter 4. Our theory can predict not only the scaling constant, but
also the tie-line compositions which are kinetically determined for multi-component alloys, un-
like binary systems. We validate our theoretical predictions against phase-field simulations for
both independent and coupled diffusion of solutes. We also generalize two limiting cases of
diffusion controlled growth to multi-component alloys, which are relevant for large disparities
in the solute diffusivities and clearly identify regimes in supersaturation over which they are
applicable.

We have also shown that the predictions from a quantitative phase-field model (the Grand-
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Potential model) are in great agreement with our analytical predictions. The mutual validation
of the analytical theory and the phase-field model accomplished by this exercise justifies resort-
ing to phase-field simulations when studying phase transformations in alloys producing complex
microstructures which are analytically inaccessible. Growth and coarsening of multi-particle
systems in multi-component alloys is one such problem which can be addressed by phase-field

simulations.

9.2 Diffusive instabilities during single solid phase alloy

solidification

In Chapter 5, we present a linear stability analysis of the solidification front during single phase
solidification in multi-component alloys. Our analytical theory, corroborated by phase-field
models, allows us to predict trends in the instability behavior as functions of solute diffusivities
and velocities of steady-state growth fronts. Our theoretical analysis in Chapter 5 is con-
cerned with the stability of a planar front during directional as well as isothermal solidification
conditions. The corresponding analysis investigating the stability of a spherical nuclei in an
undercooled melt is yet to be performed, which would complete the understanding of stability

of interfaces having different geometries to random perturbations in multi-component alloys.

9.3 Isothermal dendrites in multi-component alloys

Free dendrite growth in uniformly undercooled multi-component alloys is analyzed next in
Chapter 6. We solve for the solute diffusion problem in the liquid which is then combined
with estimates of dendrite tip radius (in terms of the other parameters) to solve for the growth
velocities and phase compositions. Our analytical predictions are found to be in reasonably
good agreement with the ones from phase-field simulations.

Our theory can also be extended to steady-state growth of dendrites during directional
solidification. The understanding of the selection of the tip-radius during growth of free den-
drites leads to the question of how primary arm spacing of the dendrites are influenced by the
solute interdiffusivities. This is a problem which is of direct importance to the selection of

microstructural length scales in dendritic microstructures and will be addressed by us in future.
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9.4 Theoretical and numerical investigation of multi-phase

growth in a multi-component system

We present a unified Jackson-Hunt type calculation applicable to both invariant and non-
invariant systems, in multi-component alloys in Chapter 7. Jackson and Hunt [8], in their
original analysis for invariant growth, assume the compositions and volume fractions of the
solid phases to be given by the equilibrium phase diagram. In our analysis, we relax these
assumptions and determine these parameters as part of the solution itself. Our analysis is
also able to capture the effects of solute diffusivities on the operating point of the eutectic, as
confirmed by phase-field simulations.

Though the presented theory can describe situations involving growth of any number of
solid phases in a multi-component alloy and allows us to determine departures of solid-phase
fractions and phase compositions from those predicted by the phase diagram due to dissimilar
diffusivities, it is still limited by some key assumptions. Our calculations of composition fields
in the liquid are obtained assuming a planar interface, where from our phase-field simulations
we know that they are far from being so. The assumption of equal undercoolings ahead of each
of the solid-liquid interfaces is also not accurate, as the average location of each of the curved
solid-liquid interface differ from each other whenever the solute diffusivities are not equal. So
a more accurate theory where we compute the interface shapes along the lines of Magnin and

Trivedi [166] for multi-component alloys can be proposed relaxing all these approximations.

9.5 Eutectic colony formation in systems with interfacial

energy anisotropy

In Chapter 8 we explore the eutectic colony morphologies in the presence of anisotropic in-
terfacial energies. Anisotropy leads to stable structures with well-defined finger orientations.
The lamellae constituting individual fingers take up specific orientations when the interface
separating the two eutectic solids are anisotropic.

Our simulations of colonies in 3D reveal structures where the two eutectic solid phases are
arranged in a helical fashion about the finger axis. These structures have also been observed ex-
perimentally but the preference for such a morphological arrangement of phases is still unclear.

A theoretical justification for such structures presents an exciting scope for future work.
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9.6 Outlook

The central theme of this thesis is the development of an analytical framework for determin-
ing the length scales and phase-compositions during steady-state as well as unstable modes
of phase-transformations in multi-component alloys. For transformations from one phase to
another, a specific example of which considered in this thesis is the problem of single phase
solidification, we have been able to provide analytical theories starting from the problem of
stable growth by a planar front, to a linear stability analysis of such a front in the presence
of infinitesimal perturbations, and finally an analysis of the steady-state growth of dendrites
which are the products of instability. A similar route is taken for multi-phase systems where
a generalized analytical theory is derived to describe steady-state eutectic solidification. Due
to the complexity of such systems, a linear stability analysis of the perturbed solidification
front and a theory for steady-state growth of multi-phase dendrites could not be presented,
but instead they are addressed through phase-field simulations. All of our analytical theories
have been validated against predictions from phase-field models and this exercise has led to a
deeper understanding of the advantages and limitations of either approaches. In future, the
work presented in this thesis can pave the way to a better understanding and appreciation of
complicated experiments in multi-component solidification.

In this thesis, our primary focus has been solidification in multi-component alloys, and it
deals exclusively with driving forces of chemical origin. But there are numerous transforma-
tions in multi-component systems where driving forces of mechanical, electrical, magnetic and
electrochemical nature play a central role. Comprehensive analytical treatments of such sys-
tems are rare, although some progress has already been made through phase-field simulations.
The derivation of analytical theories to predict the length scales, phase compositions and the
rate of transformation for such systems would serve to unify the theoretical understanding of
phase transformations in multi-component systems. An example of an interesting question in
this regard could be the problem of determining interfacial compositions and growth rates in
a solid-state precipitation system with lattice misfit. Another problem which has important
technological implications, is the formation of dendrites during charging of Li-ion batteries.
The dendrites in this case are primarily a result of electrochemical and capillary interactions
in contrast to that of solute diffusion and capillary forces in case of dendrites observed during
alloy solidification. A linear stability analysis along the lines of the one proposed in this thesis
for solidification can be presented for the case where destabilization of the interface is due to
electrochemical forces.

Developing phase-field models and their numerical implementation to study transformations

203



9. SUMMARY & CONCLUSIONS

due to such myriad driving forces pose a challenge of their own. As these problems are defined
by an interplay of different length scales originating from solute diffusion, surface tension and
the length scales of the associated driving force of non-chemical nature, the model should be
able to effectively resolve all of them. Another important factor to consider for making the
models quantitatively accurate are the formulation of counterparts of anti-trapping current for
problems encompassing different physics in addition to solute diffusion and capillary forces.
Multi-component alloys are key systems of interest today. Understanding the plethora
of transformations in such systems are one of the foremost concerns of the materials science
community. We hope that the ideas presented in this thesis contribute to the progress of the

science of multi-component alloys in future.
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